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General introduction 

Recently, large attention is focused on fabrication and use of micro devices. The small structure 

properties as well as high efficiency of these systems – such as microsensors, microvalves and 

micro pumps – are some of the benefits of using MEMS and NEMS (Micro and Nano Electro 

Mechanical Systems).MEMS are mechanical systems comprising at least one component of 

micrometric size. This component can be a pipe, the seat of a flow, the dimension of which is of 

the order of a few microns. 

In the case of flows in micro channels (figure.1.1), many effects can no longer be neglected as is 

often the case on a macroscopic scale. These effects include: viscous dissipation, slip velocity 

and temperature jump at the top-bottom walls, the zone of simultaneous development of thermal 

and dynamic boundary layers, owing to the large surface / volume ratio in these micro systems. 

In particular, because of the confinement, the friction of the fluid induces a release of heat such 

as to modify the thermal field. 

 
Figure 1. 1: Photos of the micro-channels taken under an electron microscope [1,2] 

The classification of different gas of the flow regimes is as follows: 

 

Figure 1. 2: Classification of flow regimes with Knudsen number [3] 
 

Due to the phenomenon of dilution (high Knudsen number), the gaz density changes along the 

channel and the velocity of flow near the wall is different from to the velocity at the wall. This 

means that there is a certain slippage on the rigid borders. Due to the slip condition the flow rate 

is greater than a certain amount which is predicted by the Navier-Stokes equation with the slip 
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boundary condition.  

The need to improve the heat transfer of fluids gave rise to the development of a new class, 

called nanofluids. These are solutions containing nanoparticles suspended in a base fluid. Thanks 

to their properties which improve thermal performance. 

The main objectives of this thesis reside in the study of the flow and heat transfer under local 

thermal equilibrium conditions taking into account the viscous dissipation effects. In addition, 

the improve of the performance of a system through a comprehensive minimization of adverse 

effects is done. The latter is a thermodynamic approach that is used to optimize thermally 

engineered devices for high energy efficiency. Optimization can therefore be performed to 

reduce the production of entropy in the system, which leads to the optimum engineering design 

that makes the process of thermodynamics and heat transfer more applicable. 

This thesis is laid out as follows: 

Chapter 1 Microfluids systems, nanofluids and porous media. 

This chapter covrs a bibliographical analysis on the notion of the micro system, nanofluid and 

porous media. Admittedly, the characteristics and textures of these flows constitute a basis for 

the study of transport phenomena in thermal systems. 

Chapter 2 Forced convection heat transfer by a flow of nanoffluid in a micro-channel using 

the lattice Boltzmann method. 

The second chapter deals with heat transfer in a micro-channel by a flow of a nanofluid. The 

partial differential equations which govern this physical phenomenon are solved by the Lattice 

Boltzmann method. The numerical results relating to the dynamic and thermal fields are 

presented and analyzed. 

Chapter 3 Heat transfer by a flow of nanofluid in a porous macro-channel  

A fine thermal analysis must be based on a mesoscale approach applied at a micro scale level 

constitues the third chapter. The thermal Lattice Boltzmann method (TLBM) of multi 

distribution functions (MDF) was used to treat the convective heat flux and entropy generation in 

a channel with high-low isothermal walls and filled with a nanofluid (Cu/Water). It has been 

extended to simulate the flow governed by the Darcy brinkmann forchheimer (BFD) using the 

hypothesis of local termal equilibrium (LTE). The effects of nanoparticle volume fraction, Darcy 

number, porosity, heat capacity ratio and thermal conductivity ratio on heat transfer; entropy 

generation, average Nusselt number and Bejan number are studied. 

Chapter 4 Mixed convection heat transfer in a rectangular inclined microchannel totally 

filled with nanofluid 

A numerical analysis has been carried out of the heat transfer by mixed convection for a laminar 
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flow in an inclined rectangular microchannel completely filled with a nanofluid Al2O3 / Water 

represents the continuation of this fourth chapter. The conservation equations are translated the 

thermal relaxation time and it modifies Boltzmann’s lattice method with dual distribution 

functions. Viscous dissipation effects are adapted to the energy equation. Effects of nanoparticle 

volume fractions and inclination angles on the Nanofluid flow and heat transfer are studied. The 

results obtained are presented in terms of streamlines, isotherms, slip velocity, wall temperature, 

and Nusselt number. The results show that the higher values of the volume fraction of Al2O3 

and the higher values of inclination angles improve the rate of heat transfer. 
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1. Introduction 

Microfluidics is a novel topic. It really appeared as a discipline in the 2000s with a dazzling rise 

in innovative constructions and in the number of publications. This development is caused by the 

demand in many life science fields such as medicine, chemistry and the environment. They can 

be represented either as a science (study of the performance of fluids in micro-channels) and as a 

technology for manufacturing systems for laboratories on chips ("lab on chip") in the field of 

physics, chemistry and biology. These devices incorporate a number of miniaturized components 

permitting the study and analysis of chemical or biological samples. True “microprocessors for 

biology”, they allow bulky and very expensive instruments to be replaced. Microfluidics 

represents for biology and chemistry a revolution similar to that brought by microprocessors to 

electronics and data processing. [1-3]. 

For ten years or so, man has imitated nature by producing objects crossed by micrometric flows. 

In general, the micron-scale handling makes it possible to work faster, at lower cost, in a suitable 

and safer environment. There are different forms and applications of microfluidics systems 

(figure.1.3 and table 2.1). 

Nevertheless, progress in the various fields of microfluidics is still quite heterogeneous. The first 

ones devices offered commercially or in laboratories generally perform only one standard 

operation at a time, whether of biological, chemical or even physical benefit. There are thus 

several prototypes of microfluidic devices for PCR (polymerase chain reaction), immunological 

analysis or electrophoresis. Numerous “technological bricks” concerning different issues of 

microfluidic analysis and manipulation, such as micro fabrication and rapid prototyping [4–6], 

mixers (diffusive, chaotic,..), pumps, valves and many more are being developed in research 

laboratories. Research is also focused on devices with a limited number of functionalities, but 

interested in diversifying the problems and the subjects of study, in particular in the direction of 

proteomic analysis, and cell culture or analysis.  

 

 



Chapitre 1 : Microfluids systems, nanofluids and porous media 

7 

 

Fig.1. 3 Different forms of microfluidics and their different applications 
 

Table 1.1: Applications of microfluidics systems 
Areas of application  Applications 

Automobile 
 

Air-bag, puncture detection, syst. Anti-collision. 
Injection pressure, traction control, active 
suspensions. Air conditioning locks,..  

Medical 
 

Administration of substances. Accelerometer for 
pacemakers, Monitoring (blood gas sensor...). 
Biological analysis. Minimally invasive surgery.  

Aeronautics and Defense  Instrumentation: gyrometer, altimeter ... 
Guidance systems, missiles and ammunition  

Electro / Domotique 
 

Electro / Home automation 
Intrusion security, gas leak, ambient sensor...  

Environment 
 

Physico-chemical sensors, water control  ...  

Instrumentation 
 

Instrumentation 
Measurements of physical quantities: Ph, Nose eln, 
humidity, preventive maintenance  

Equipment multimedia 
 

Multimedia equipment 
Inkjet cartridges, mobiles, camcorder stabilization, 
… 

1.1 Specificity of gaseous micro-flow: effects of rarefaction 

In microfluidics, knowledge of gaseous micro-flows is currently more advanced than that of 

liquid micro-flows. With regard to gases, the problem is indeed more clearly identified: the main 

micro-effect resulting from the high containment is the rarefaction of the flow (reducing sizes in 

microsystems). This generates a thermodynamic imbalance because the mean free path λ 

(average distance traveled by the molecule between 2 successive collisions) is no longer 
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negligible compared to the characteristic length Lc of the microsystem. For a low level of 

rarefaction, this thermodynamic imbalance essentially results in a not inconsiderable temperature 

jump and slip velocity at the top-bottom walls. The corresponding regime is called the slip 

regime (figure 1.4). For a more marked rarefaction, the thermodynamic imbalance is no longer 

confined to the walls but concerns the entire flow. The interest in rarefied flows was originally 

linked to studies of low pressure flows in the upper atmospheric layers for space applications [7]. 

The level of rarefaction is quantified by a dimensionless number, the Knudsen number: 

                                                    
n

c

K
L


                                                       (1.1) 

Where cL  represents a dimension characteristic of the volume in which the molecules are 

contained. More cL decreases, more the rate of rarefaction increases. 

The mean free path   represents the mean distance traveled by a molecule between two 

successive shocks.  

 

Fig.1. 4: Gaz flow régimes for usual microsystems [8] 
1.2 The different flow regimes vs. the Knudsen number (Kn) 

The modeling of gas flows in microchannels depends on the level of rarefaction which is 

qualified by the number of Knudsen. In these flows, the slip regime is most often 

encountered. It can be described by analytical and semi-analytical models [9], the gas being 

considered as an ideal gas. For the different flow regimes classified by the Knudsen number 
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in figure 1.4, here the basic model is presented in the literature for each regime (figure. 1.5). 

 

Figure 1. 5. Gaz Flow regimes and main models according to the Knudsen number [8] 
It is however convenient to differentiate the flow regimes according to Kn, and the following 

classification, tinged with empiricism, is conventionally adopted (figures 1.4 et 1.5) [7].  

 ForKn<10-3, the regime is continuous (figure.1.4.C), with adhesion to the wall, the 

Navier – Stokes equations associated with the classical conditions of continuity, 

temperature and velocity at the walls. 

 For10-3<Kn<10-1, it is the continuous regime with wall slip (figure1.4.S) : the Navier-

Stokes equations remain valid but specific boundary conditions must be used, 

 For 10-1<Kn<10,it is the transition regime (figure.1.4.T) : it is a regime out of 

thermodynamic equilibrium, in which the intermolecular collisions and with the wall 

must be taken into account;  

 For Kn>10, it is the free molecular regime (figure1.4.M) where the interactions between 

the gas molecules are negligible compared to the collisions on the walls. 

1.3 Knudsen layer and slip conditions 

1.3.1 Modeling of the Knudsen layer 

In continuous regime (as in slip regime), there exists in the vicinity of the walls a region where 

the gas is in imbalance thermodynamic. This region is called the Knudsen layer. Under 

continuous conditions, the effect of this layer is negligible. In slip regime, the Knudsen layer 

must be taken into account. This layer can be studied and simulated from a microscopic approach 

such as the kinetic theory of gases, molecular dynamics or direct Monte Carlo simulations 
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(DSMC, [10]) of Boltzmann equations. According to the microscopic approach used, the 

thickness of the Knudsen layer varies between 0.9 λ and 4.9 λ, most of the results giving values 

between λ and 3 λ [11]. 

On the other hand, for 310 <Kn< 110 , it is considered that the flow regime is continuous with 

slip, i.e. the continuous approach can be used to model the flow (the equations of Navier-Stokes 

are valid) but that it is necessary to introduce specific boundary conditions (dynamic slip 

conditions and temperature jump) to approximate what happens in the Knudsen layer and 

correctly model the flow outside this layer (Fig.1.6).  

 

Figure 1. 6. Main caracteristic length scales to take into account at the molecular level [12] 
1.3.2 Dynamic slip conditions 

For Kn =0.1, the models based on the Navier-Stokes equations remain the most efficient but, for 

them to be precise enough, it is necessary to capture most of the physical phenomena present in 

the Knudsen layer. The use of boundary conditions for slip and in the Knudsen layer were 

introduced by Navier and then taken up by Maxwell in 1879 [13]. 

The simplified form of the dynamic slip condition proposed by Navier and Maxwell [13] is 

written:                                     

 

  
g p g

p

u
u u L

n


 


                                                          (1.2) 

Where : 

u  is the gas velocity component tangent to the wall, 

gu is the slip velocity of the gas on the wall, 

pu is the wall velocity and n is the normal to the wall 

gL is the slip length (figure 1.7). It is an empirical quantity, proportional to λ which depends on 

d :molecular average 
diameter

molecular average 
spacing

λ :average free path

L characteristic length of 
the flow
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the surface roughness, the nature of the gas, that of the wall and the gas / wall interaction. This 

length must be accurately evaluated for gu  to provide a correct approximation of the velocity 

profile outside the Knudsen layer. There are many formulations of gL  in the literature and its 

evaluation is subject to many discussions. Some formulations are a function of a viscous slip 

coefficient,  , others function of an accommodation coefficient, T (Tangential Momentum 

Accommodation Coefficient : TMAC) and others are still different [11, 14]. 

The general form proposed by Maxwell [13] can be written [11, 14]: 

                                            

r
g p T

p p

u v T
u u

n t p t



  

   
    

                                     

(1.3) 

Where u and v are the tangential and normal components of the velocity vector. 

T is the gas temperature.  is the viscous slip coefficient, T is the thermal slip coefficient. 

 2 /v v     where v  is the dynamic accommodation coefficient. v represents the 

fraction of tangential momentum to the wall so that the incident gas molecules have transferred 

on average to the wall following collisions: v =1 in the case of a wall with diffuse reflection 

and 0v  in the case of a wall with specular reflection. The last term of equation (1.3) reflects 

transpiration or thermal pumping, ie the presence of an axial flow generated by a longitudinal 

temperature gradient, the flow evolves from cold sides temperatures towards hot areas. A 

dimensional analysis will show that this term is second order in Knudsen number. It will 

therefore be negligible in most of the time, before the first term of the right hand side of equation 

(1.3). The boundary condition (1.3) on a flat and smooth wall simply becomes:    

                                                  
g p

p

u
u u

n
 


 


                                                              (1.4)

             Where 

gL  
                                                    

(1.5)

According to Colin [15], the dynamic slip conditions (1.3) - (1.5) are also often written, in the 

first order in Kn, in the form 
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(1.6)
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(1.7)
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Formulation (1.6) of the dynamic slip condition is compatible with formulation (1.4) 

 
Figure 1. 7. Ideal velocity profile (noted gaz pu u ) and profile approximated by slip 

boundary conditions (noted g pu u ) in the Knudsen layer. pu  is the wall velocity, 
pgu  is the 

true slip velocity, gu  is the artificial slip velocity  and gL  is the slip length

1.3.3 Temperature jump conditions 

Smoluchowski [16] introduced the equivalent conditions to describe the temperature jump at the 

wall. The conditions equivalent to (1.4) and (1.6) are written for the temperature, in the first order 

in Kn [11, 14]: 

g p T

P

T
T T

n
 


 

                                                      
(1.8)

2 2

1 Pr
T

g p

PT

T
T T

n

  

 

 
 

                                                 
(1.9) 

Where gT  is the gaz temperature at the wall, pT is the wall temperature, T is the temperature 

jump coefficient ,  T is the thermal accommodation coefficient , /p vC C  is the isentropic 

coefficient representing the ratio between specific heat at constant pressure, pC ,and specific heat 

at constant volume, vC , and Pr is the Prandtl number. 

2. Nanofluids 

With recent progress in nanotechnology, particles with nanometer size have been obtained. 

Therefore, the idea of integrating these nanoparticles in a base liquid is used to enhance the 

thermal conductivity of the medium. A suspension of nanoparticles in a base fluid is called a 

nanofluid. This term was proposed by Choi [16] in 1995 in the Argonne national laboratory. 

The base fluid is usually water, oil or ethylene glycol (EG). (Cooling system, 

microelectronics, ..) 
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Nanoparticles are fine nanometric particles: their diameter is a few nanometers (<50nm). In 

general, nanoparticles can be classified according to their shape into two main categories: 

  Spherical nanoparticles for which several types of materials can be used for their 

manufacture. These spherical nanoparticles can thus be based on metals (copper Cu, iron Fe, 

gold Au, silver Ag ...) or copper oxides (aluminum oxide Al2O3, copper oxide CuO, titanium 

oxide TiO2 ...). 

 Nanotubes (NTC carbon nanotubes, titanium TiO2 nanotubes, silicon nanotube, ..) 

Many experimental studies have shown that this type of solution can have thermodynamic 

characteristics very different from those that can be predicted by macroscopic models, 

generally used to characterize composites with a particle size equal to or greater than the 

micrometer scale. Furthermore, experimental studies in forced convection seem to show an 

additional effect on the exchange coefficient, which cannot be directly attributed to the 

increase in thermal conductivity. In addition, Brownian agitation, linked to the nanometric 

size of the particles, minimizes the sedimentation problems encountered with larger particles. 

2.1 Thermophysical properties 

The thermophysical characteristics (thermal conductivity, dynamic viscosity and kinetics, 

specific heat capacity,..) of solutions are profoundly modified by the addition of nanoparticles 

and a large number of parameters can have an important impact on this deviation (the 

material, the size, the aspect ratio, the concentration of particles in suspension, the 

conductivity of the base fluid, the temperature of the medium, ..) 

2.1.1 Thermal conductivity 

In the lack of experimental data and of founded theory allowing the determination of the 

thermal conductivity of a nanofluid, relations used previously for computing the thermal 

conductivity of a suspension of particles of larger size of the order of micrometers or 

millimeters in a fluid, have been adopted to calculate the thermal conductivity of 

nanofluids.Among these relations, it can cite the following models: 

Maxwell model  

He assumed that the particles are separated a sufficient distance leading to no mutual 

interaction between them, no contact between the particles [17]. 

 
 

2 2

2

s f f snf

f s f f s

k k k kk
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(1.10) 

With  

nfk : the thermal conductivity of the nanofluid ; 



Chapitre 1 : Microfluids systems, nanofluids and porous media 

14 

fk  : the thermal conductivity of the base fluid ; 

sk  : the thermal conductivity of the solid particle ; 

 

Modèle de Hamilton  

Is an extension of Maxwell's model. It concerns particles of any shape defined as follows 

[18]: 
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(1.11) 

With n  an empirical form factor (n = 3 for spherical particles and n = 6 for cylindrical 

particles)      

Modèle de Yu et Choi  

They proposed to model nanofluids as a base liquid and solid particles separated by a 

nanometric layer, this layer acts as a thermal bridge between the fluid and the nanoparticles 

[19]        
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                                     (1.12) 

With β: The ratio of the thickness of the nanoscale layer to the radius of the particles. 

2.1.2 Dynamic viscosity 

Viscosity characterizes the ability of a fluid to flow. His knowledge is fundamental for all 

applications involving the transport of fluids. The addition of nanoparticles rises and enhances 

the thermal conductivity of the nanofluid but it can also cause an unfavorable increase in 

dynamic viscosity. Numerous theoretical and experimental studies have been carried out in 

order to estimate or measure the dynamic viscosity of nanofluids and to quantify the 

importance of main parameters that influence it. Various theoretical models have been 

developed to analyse the evolution of the dynamic viscosity of suspensions under certain 

conditions.  

Modèle d’Einstein  

For a mixture containing dilute suspensions of spherical and rigid fine particles is as 

follows [20]: 

 1 2.5nf f   
                                                   

 (1.13) 

With 
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nf  : The dynamic viscosity of the nonofluid; 

f  : The dynamic viscosity of the base fluid; 

  : The volume fraction of nanoparticles; 

Einstein's formula has since been proved experimentally and is considered adequate for very 

dilute suspensions of spherical particles (Brownian or non-Brownian), typically for volume 

concentrations of less than 1%. It should be noted that this model does not take into 

consideration the effects of particle dimension and inter-particle interactions.  

Brinkman model  

Brinkman's [21] formula complements Einstein's model up to a volume concentration of less 

than 4%. 

 
2.5

1

f

nf








                                                    

(1.14) 

Batchelor Model  

Has shown that viscosity is not only a linear function of φ, as indicated by Einstein's relation, 

but a non-linear function of φ [22]. 

 22.6 2.5 1nf f     
                                        

(1.15) 

2.1.3 Heat capacity 

dynamic viscosity and Thermal conductivity are the two most studied thermophysical 

characteristics in the case of nanofluids. The specific heat of nanofluids, for its part, is very 

rarely studied, especially at the experimental level. Specific heat is the heat capacity per unit 

mass of a substance or a homogeneous system, is defined by the amount of energy to be 

supplied by heat exchange to increase by one degree Kelvin substance. This quantity is 

incorporated into the energy equation, and then needs to be determined in a rigorous way. 

Most of the studies carried out in the literature use one of two models: 

model of pak [23] and model of XUA [24]: 

 

Model of PAK : 

      1p p pnf f s
C C C   

                                 
(1.16) 

Model of XUA : 
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(1.17) 
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With 

 p nf
C  : Specific heat of the nanofluid; 

 p f
C  : Specific heat of the base fluid; 

 p s
C  : Specific heat of nanoparticles; 

2.1.4 Density 

The volume fraction of particles and the density of nanofluids are proportional. Thereby, the 

density of nanofluids augments with the addition of nanoparticles. In the literature, and in the 

absence of experimental results, the density of nanofluids is often calculated from the mixing 

law in which, as for specific heat, the nanofluid is assumed to be homogeneous. 

 1nf f s     
                                                

(1.18) 

The volume fraction of the nanoparticles (φ) denotes the ratio of the volume of the 

nanoparticles to the total volume (fluid + solid). 

s

s f

V

V V
 


                                                              (1.19) 

( sV  : solid volume and f sV V  : Total volume of nanofluid) 

With 

nf  : Density of the nanofluid; 

f  : Density of the base fluid; 

s  : Density of solid nanoparticles; 

2.1.5 Thermal expansion Coefficient 

The variation in density under the temperature changes is depicted by the thermal expansion 

coefficient also named the isobaric coefficient of expansion [25] 

1s

T






 
  

                                                      
(1.20) 

The determination of the value of this coefficient for nanofluids is determined by analogy 

with the relation (1.18) which expresses the density of the nanofluid.     

 1nf f s     
                                           

(1.21) 

2.2 The applications of nanofluids (Soufi, 2013) [26] 

Among the applications of nanofluids, these examples below can be cited: 

 The heat exchanger ; 
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  Cooling of electronic elements (producing a stable nanofluid that is compatible with 

electronic circuits and components) ; 

  Nanoparticles for refrigerator efficiency (formulation of lubricants and coolants mixed 

with nanoparticles could result in increased energy efficiency of refrigerators) ; 

 Aeronautics and space ; 

 Cooling of nuclear systems ; 

 Transport (cooling management / combustion engine vehicle) ; 

  Other applications (fuel cells, solar water heating, drilling, thermal storage) ; 

The advantages and disadvantages of nanofluids are mentioned in detail in this 

reference [26]       

3. Flow in porous media 

Porous media designate materials for which the solid phase, strongly imbricated with the fluid   

phase, is fixed. There are many natural materials in this category: soils, sedimentary layers, 

most rocks, as well as some living materials. Some artificial materials require to be porous 

either in the manufacturing process or in their purpose to play a filter role or provide specific 

macroscopic properties (thermal conductivity for example). Fluid flows through a porous 

medium are found in a wide variety of fields of science and technology. For instance, it can 

cite the problems of water purification, soil remediation, oil and gas extraction, geophysical 

problems, [27]. 

3.1 Characteristic of a porous medium 

The porous medium is composed of a solid matrix, inside which there are pores which are 

interconnected or possibly isolated. In general, porous media are defined by two criteria. 

 Unconsolidated solid matrices where the solid phase is formed of grains (for 

example sand, gravel, glass balls, steel ...). 

 Consolidated solid matrices (for example limestone, clay, wood, biological 

tissue, sandstone,..). 

 

Figure 1. 8. a. Consolidated porous medium [28] 
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Figure 1. 9.b. Unconsolidated porous medium [28]. 
 

A porous medium is characterized mainly by two interrelated macroscopic properties which 

are porosity and permeability. Since the formulation at the microscopic scale of heat and / or 

mass transfers in porous media is inapplicable in practice, geometric phase distributions are 

generally unknown. Consequently, the boundary conditions cannot be known in their details. 

The modeling of the phenomena in such porous media is generally carried out by a change of 

scale: it is a question of going from the microscopic scale where the size of the representative 

elementary volume (REV) is small compared to those of the pores to the 'macroscopic scale 

where the size of the VER is large compared to those of the pores. By means of this change of 

scale, it can go from a discontinuous real porous medium to a fictitious continuous medium. 

3.1.1 Representative elementary volume 

Solving differential equations requires a continuous medium to establish partial 

differential relations. The characteristics of a medium such as porosity and permeability 

are discontinuous at the microscopic level. It would then be appropriate to deal with the 

flow problem by introducing a new concept called representative elementary volume 

(REV). Within this volume, the average properties of the fluid and the material are 

considered to be uniform and continuous. In this context, certain hypothesis must be 

satisfied (figure 1.7). On the one hand, the dimensions of the (REV) must be generally 

large in relation to those of the grain size. The REV scale must check: 

d l L                                                              (1.22) 
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Figure 1. 10. Representative elementary volume REV  

One thus obtains the characteristic quantities of the velocity, the pressure and the temperature, 

by averaging them on the REV. This makes it possible to represent a point in a new fictitious 

continuous medium by changing the scale. It is equivalent to the porous domain studied but 

on a macroscopic scale. When the local properties, defined on the REV, are independent of its 

position, the medium is said to be homogeneous, at the macroscopic scale. 

3.1.2 Porosity 

The porosity of such a medium represents a consequence of the presence of empty spaces 

within the solid matrix. The porosity ɛ is considered as the ratio of the empty volume occupied 

by the pores pV , on the total volume tV  

p

t

V

V
 

                                                            
(1.23) 

Depending on the pores, it can be considered [29]: 

 Interstice porosity: 

The interstice porosity represents the voids around the solid particles more or less bound to 

each other. 
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Figure 1. 11. Interstice porosity [29] 
 Crack porosity: 

Crack porosity is fractures (cracks) in the matrix.  

 

Figure 1. 12. Crack porosity [29] 

3.1.3 Permeability 

The permeability K refers to the capacity of the porous medium to allow the fluid to pass 

inside the pores. This parameter is related to the size and connection of the pores between 

them. 

According to Darcy's law (1856), the permeability K measures the conductance of the flow of 

a porous matrix: 

 Du
K

dp

dx


 

 
 
                                                       

(1.24) 

Where  , Du  and 
dp

dx
 are respectively the dynamic viscosity of the fluid, filtration velocity 

(or Darcian) and the pressure gradient. The unit of permeability is
2m , but it is often 

expressed in Darcy: 

1 Darcy = 13 29.87 10 m . 

3.1.4 Specific surface 

The specific surface is a property which results from the geometric parameters of a porous 

medium. This quantity plays a suitable role in the phenomena of heat transfer between the 
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fluid and the solid phases. It is defined as the ratio of the total surface area of the fluid-solid 

interface sfA  by the volume of the sample V: 

sfA

V
 

                                                          
(1.25) 

3.1.5 Effective thermal conductivity and diffusivity 

The effective thermal conductivities depend on the relative proportions of each phase, their 

geometric distributions and the flow for the case of porous media saturated with a single fluid 

phase. Since, under forced convection into a porous matrix, heat transfer occurs in a parallel 

fashion in both solid and fluid phases. Thus, the effective thermal conductivity effK  can be 

written as follows:  

 1eff f sk k k   
                                              

(1.26) 

 fk  and sk are respectively the thermal conductivities of the fluid and solid 

phase ; 

  porosity.

 It can also define another parameter which characterizes the heat propagation velocity in a 

porous medium called effective thermal diffusivity, written as: 

 
eff

eff

p eff

k

C





                                                      

(1.27) 

 This parameter represents the ratio of the heat which passes through the porous medium by 

the heat which is stored there. It is directly related to the inertia of this medium. Therefore, 

heat easily propagates in porous media with high conductivity and low heat capacity. 

 p eff
C represents the effective specific heat which varies according to the volume fractions 

of the different phases as indicated by the following relationship: 

      1p p peff s f
C C C      

                                      
(1.28) 

It is important to mention that these two sizes,  effk  and eff  do not link to the distribution of 

the pore but of the evaporation zone [30]. 

3.2 Flow models in the porous medium 

The porous medium that was used is saturated with a pure fluid, subjected to a uniform flow. 

The fluid has kinematic viscosity f , a dynamic viscosity f , a density f , and a thermal 

conductivity fk
 
.The quantities are averaged over a REV. Moreover, the homogenization 
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method [31] allows the change scale to obtain new continuous quantities of a fictitious 

continuous porous medium. It is essentially based on asymptotic expansions of the velocity 

and pressure at the pore scale, then by an application of a mean integration operator; it can go 

to the macroscopic scale. Therefore, the fluid velocity fV  which corresponds to the average 

velocity of the fluid taken on a REV is introduced. The interstitial velocity which represents 

the average velocity of the fluid but inside pores is defined as pV . This real velocity can be 

much higher than fV , because only a part of the total volume of the porous media is available 

for fluid transport. By taking the model of the porous medium, in the form of parallel 

capillaries, we easily verify that: 

1
p fV V




 

                                                           
(1.29) 

Based on the average pore size d and the interstitial velocity pV


, the Reynolds number Rep is 

constructed as follows: 
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p

p
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(1.30) 

According to Dybbs and Edwards, there are three types of 
peR  : 

 For 1
peR  , the regime is laminar, thereby large viscous forces compared to the inertial 

forces, Darcy's law is valid. 

 For 1 150
peR   , the regime of the boundary layers develop at the level of the solid 

walls Outside this boundary layer, there is no longer proportionality between the 

gradient of pressure and the velocity of the fluid: Darcy's law is no longer applicable. 

This laminar steady flow regime persists until 150
peR  . 

 For 150 300
peR   , an unsteady laminar flow regime is developing. 

 For 300
peR   ,it is the presence of a turbulent flow. 

To describe the flow in porous media, different models have been developed. The first 

model was established by Darcy (1856), and since then several other models have been 

proposed to take into account certain effects neglected by the last.  

3.2.1 Darcy's law 

 The dynamics of homogeneous fluids in porous media is described by Darcy's law [32], 

established in 1856 on experimental bases. This law, established from unidirectional flows 
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over sand columns, demonstrated the proportionality of the pressure gradient applied and the 

water flow through the sand column. Since then, hydrogeological sciences have been based on 

Darcy's law even for multidirectional flows [33]. It is written: 

f

fp V g
K


  

 

                                                   
(1.31)

Where 
dp

dx
 is the pressure gradient, K is the permeability, f is the dynamic fluid viscosity 

and V


 is the velocity filtration. 

It is necessary to indicate that Darcy's law becomes inadequate in certain flow and heat 

transfer situations, as the filtration rate increases, there is a deviation which caused by to the 

combined effects of inertia (owing to the presence of solid obstacles) and viscosity, both of 

which form resistance to flow. To take all these effects into account, other models have been 

proposed and used. 

3.2.2 Forchheimer's empirical model 

 Forchheimer (1901) was the first author who proposed an empirical modification of Darcy's 

law to account for non-negligible forces of inertia when the velocity of the fluid becomes 

important.  

The most commonly used Darcy-Forchheimer formulation, the flow of an incompressible 

fluid, through a homogeneous and isotropic porous medium in steady state is written in the 

presence of gravity as follows: 

f f

f f f f

F
p V g V V

K K

 
    

   

                                            
(1 .32) 

Where F (empirical coefficient) depends on the permeability, porosity and microstructure of 

the porous medium.  

3.2.3 Brinkman's empirical model 

 When the porosity of the medium becomes high (of the order of 0.8), Darcy's law becomes 

insufficient to portray the flow of the fluid within the porous medium. Indeed, must be 

considered, in this case, the effects of viscous diffusion created by the friction at the level of 

the walls containing the porous medium. In this context, Brinkman (1947) [34] extended 

Darcy's law by introducing a term equivalent to the viscous diffusion term in Stokes' law: 

2f

f f eff fp V g V
K


     

  

                                                
(1.33) 
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 This empirical law is known as the Darcy-Brinkman formulation. The first term on the right 

in equation (1.33) is the Darcy term and the second is called the Brinkman term. Brinkman 

justifies this empirical law by the fact that, for low values of the permeability K, equation 

(1.33) degenerates into Darcy's law, equation (1.31), and when the permeability tends to 

infinity, the Stokes equation is obtained. The difficulty in using this model resides in 

evaluating the equivalent viscosity. 

3.2.4 General model or Darcy-Brinkman-Forchheimer model 

Darcy Forchheimer's law applies to an environment that meets specific characteristics. 

However, when the permeability of the medium is large, Darcy's law is not sufficient because 

it is necessary to take into account the viscous shear forces, which can be of the same order of 

magnitude as the resistance, introduced by the porous matrix, when the permeability is high. 

Indeed, for a more general study, it needs to take into consideration all the effects that may 

occur during the flow. Brinkmann was the first to consider these effects. The pressure 

gradient in this case is expressed by a law known as the Darcy-Binkman- Forchheimer law 

(DBF): 

2f f

f f f f eff f

F
p V g V V V

K K

 
       

    

                        
(1.34) 

eff
 
is an effective viscosity equal  to the ratio of the viscosity of the fluid to the 

porosity ɛ. 

4. Conclusion 

The present chapter introduced a review on advanced research study in the scientific 

community regarding the application of nanofluids in porous systems. Several models aspects 

were discussed: models to handle nanofluids heat transfer and nanofluids flow phenomenon in 

porous supports. Numerical models are reviewed to deal with these mechanisms. This chapter 

allows us to highlight the various relevant parameters in the study of heat flow and transfer in 

microsystems, porous media and nanofluids. Given the wide range of nanofluid applications, 

we are focused on developing this research theme. Therefore, the study of such a parameter of 

either porous structure (e.g. porosity) or nanofluids (e.g. concentration) on the heat transfer 

performances is the key of this thesis. To this end, the Lattice Boltzmann method was selected 

and adopted for the discretization of the governing equations. Thus, more details on this 

numerical approach and models deemed herein are depicted in the following chapters. 
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1. Introduction 

Recent miniaturization techniques have led to the growing development of MEMS (Micro 

Electro- mechanical Systems) used in different sectors (medicine, biology, industry, etc.). 

MEMS are mechanical systems comprising at least one micrometric size component. This 

component can be a pipe, the seat of a flow, the dimension of which is of the order of a few 

microns. However, to design and manufacture such systems, it is necessary to fully 

understand and characterize the flows as well as the heat transfers in these small scales. Heat 

transfers in fluids led to many practical and industrial applications, including transportation 

(combustion engines), energy supply, air conditioning, and electronics cooling… 

The recent considerable development of research treating with nanofluid is due to the fact 

that it is possible, for certain applications, to increase appreciably the heat transfers by 

introducing into a pure fluid a low concentration of nanoparticles. The intensity of heat 

transfer strongly depends on the conductivity and thermal capacity of the heat transfer fluids. 

Remember that nanofluids are colloidal solutions obtained by dispersing solid particles of 

nonmetric size in a base fluid. At very low concentrations, some of these solutions have been 

found to be very effective in improving heat transfer under certain conditions. There are 

several works regarding nanofluid in different geometries, many publications have reported 

the heat transfer for nanofluid flow in microchannels [1–4]. Thus, Karimipour et al. [5] 

numerically investigated the Cu-water nanofluid in a microchannel for slip condition. 

Authors used the Lattice Boltzmann approach to handle the physical probem. They proved 

the robust ability of LBM to simulate nanofluid heat transfer into mico-channel subjected to 

forced convection. In addition, they found that the temperature jump strongly affected the 

heat transfer. 

On the other hand, Hussein et al. [6] reviewed the applications of nanofluids to enhance the 

thermal and heat performance of such a system. They noted that numerical and experimental 

works found that the most important property of nanofluids is its high volume fraction which 

improves the heat transfer in car radiators. 

Sheikholeslami and Bhatti [7] reported the nanfluid incorporated into porous semi-annulus 

maintained under forced convective heat transfer in presence of constant magnetic field. 

They used the Control volume based finite element method (CVFEM) for numerical 

simulations. Findings showed that the increase in Darcy and Reynolds numbers, accelerate 

the nanofluid velocity. In addition, as the nanofluid volume fraction, Darcy, and Reynolds 

numbers increase, the heat transfer enhances. However, the increase in Lorentz forces, 

mitigates the Nusselt number. 
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Hussein et al. [8] carried out both a numerical and experimental study on heat transfer 

performance of the SiO2 nanoparticle addition in a car radiator. They take into 

consideration the friction forces and forced convection. Results depicted that the use of 

SiO2 nanofluid with small concentration enhances the heat transfer rate with a rise of 50% 

compared to the pure water. 

In general, the Lattice Boltzmann Method (LBM) represents a suitable approach for 

simulating nanofluids heat transfer phenomena through microchannel [9, 10]. This tool is 

based on mesoscopic, microscopic and macroscopic models to discretize the governing 

equations. For example, Ma et al. [11] used the Lattice Boltzmann method to simulate the 

nanofluid heat transfer in a bent channel under forced convection. 

Sheikholeslami [12] adapted the LBM to handle three dimensional porous structure 

composed of nanofluid and maintained under forced convection and Lorentz forces. 

Thereby, the main task in this chapter is to numerically handle the heat transfer 

performances in a two-dimensional rectangular micro-channel fully filled with Ag/Water 

subjected to laminar forced convection. Where, slip/jump boundary conditions and their 

effects are considered. The Single Relaxation Time (T- SRT) model modified Lattice 

Boltzmann Method (LBM) with double distribution functions (DDFs) is adapted to deal 

with the physical problem. The findings were studied in terms of thermal and dynamic 

behavior along the channel. 

The structure of this chapter is as follows: After the introduction in section 1, the physical 

geometry is described in section 2. Then, the section 3 presented the numerical method 

used (LBM). Section 4 presents a definition of nanofluids and their expressions of 

thermophysical properties. In section 5 the boundary conditions of the physical problem are 

outlined. Section 6 portrays the grid independence test and model validation. The results of 

simulations are written in section 7. Finally, the main findings are summarized in section 8. 

2. Problem statement and assumptions 

The two-dimensional (2D) open-ended channel completely  filled with a Ag/Water nanofluid 

subjected to laminar forced convection, is the interest domain for this work, as schematically 

illustrated in (Figure 2.1).The rectangular channel length is L and it height is H. As seen, both 

upper and lower channel walls are imposed to temperature of the wall Tw. The fluid flow enters 

the channel with a uniform and constant temperature Ti and a uniform initial velocity Ui. The 

exit conditions are supposed to be fully developed. 
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Figure 2. 1. Geometric configuration 
 

In this analysis, the following assumptions are considered: The Ag/water nanofluid is 

assumed to be homogeneous, isotropic Newtonian and incompressible; and obey to local 

thermal equilibrium (LTE) taking into account viscous dissipation; the thermophysical 

properties of both fluid and solid phases are constant. It is also assumed that the fluid 

circulates in the slip-flow regime.  

              

Governing equations: 

Given the assumptions adopted, the system of equations describing the problem is written, in 

Cartesian coordinates, as follows 

 

       Continuity equation 
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       Momentum equation  

2
nf

nf

u 1
u. u p u

t





      

                                                  
 (2.2) 

       Energy equation 
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Where u, p and T  are the velocity vector, the pressure and the temperature , respectively. 

Density nf and  viscosity of the nanofluid nf can be estimated by Eqs. (2.18) and (2.21) 

using nanoparticles volume fraction ϕ ; while the subscripts f, s and nf represent the base-

fluid, solid nanoparticles and nanofluid, respectively. 

   is the source term corresponding to the dissipation function , nf is the thermal diffusivity 

of nanofluid and nf is the nanofluid kinematic viscosity. 

The use of reduced variables in the equations makes it possible to illustrate the reality of 

physical phenomena. Indeed, their existence and their evolution are independent of the 
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system of measurement units used. Moreover, these variables make it possible to obtain 

general information, which plays a major role in the similarities. Thus, for bring back the 

phenomenological equations in a dimensionless form, it is necessary to define, by means of 

characteristic quantities, changes of variables. The equations that describe the present problem 

are rendered dimensionless using the following reference quantities: 

                                     
 , , , ,i

w i

T T x y
X Y

T T H H


  
   

                                              

(2.3. 
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                                       0

2
0 0 0
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3. Lattice Boltzmann approach 

The system of equations which governs the phenomenon of forced convection in a micro 

channel filled with a nanofluid was solved numerically by the modified Lattice Boltzmann 

method with a single relaxation time (SRT) from the BGK model (using the second order 

accurate strategy). This method has the advantage of following the evolution of sample 

particles during convection due to his kinetic theory and the equation by Boltzmann. 

During the discretization, the sample is assumed to consist of a fine number of nodes, each 

of them is assimilated to a particle which propagates with a well determined velocity then it 

collides with neighboring nodes. 

In this study, the D2Q9 arrangement is used (figure 2.2).This type of model is generally 

the most used given their stability and their precision compared to other type of Lattice 

model. The resolution process is done in two steps: 

A collision step which consists in calculating in each node all the functions of distribution 

of the network model at the instant .t t   A second stage called propagation which consists 

in calculating the distribution functions by each node according to the neighboring nodes of 

the spatial grid. 

The numerical simulation of a flow by the modified Lattice Boltzmann method consists in 

solving a system of Boltzmann equations on a well-defined network: 
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f and g indicated the density momentum and internal energy distribution functions 

respectively .The discrete distribution function if
  and  ig  with velocity ic at position x and 

time t are given by [13]: 

 

                                                 
2
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i i i i

f

dt
f f f f


                                                             (2.6) 

                                      

 (2.7) 
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iZ  and 
iD  represent the effect of heat dissipation and the material derivative along the 

direction ic


,
f and 

g are the hydrodynamic and thermal relaxation times, respectively.  

e

i
f  and 

e

i
g are the equilibrium distribution function.  

 

Figure 2. 2.Lattice structure for distribution function 
 

According to the D2Q9 model, the equilibrium distribution functions are expressed as 

follows:   
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(2.11) 

                                                                                        

 

(2.12)                                                 
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, e RT  , 2 3c RT and T is the temperature, iw  are set as : 0 4/9w  , 

1,4 1/ 9w   and 5,8 1/ 36w  .The D2Q9-discret velocity model is given as[14]: 
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The expression of hydrodynamic and thermal variables is written as follows [15]: 

i
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The hydrodynamic and thermal relaxation times are used to estimate the kinematics viscosity 

and thermal diffusivity: 

f RT  g2 RT                                                     
(2.17) 

RT is supposed as 1/3 in LBM so that the value of hydrodynamic relaxation time and its 

corresponded kinematic viscosity is estimated; then thermal diffusivity is achieved by the 

definition of  Prandtl number as Pr=υ/α. It means the amount of thermal relaxation time can 

now be estimated by Eq. (2.17). 
  

4. Nanofluid  

The properties of the nanofuid are obtained using the following relations [16]: 

 
f

nf s= 1


   
                                                (2.18)

 

      p p pnf s f
c = c 1 c     

                                    (2.19) 

   2 22

1,2,3,4 2 4 2

..
1.5 1.5 4.5 1.5

ie i
i

u vc uc u
g

c c c
 

 
    
 
  

  

   2 22

5,6,7,8 2 4 2

..
3 6 4.5 1.5

ie i
i

u vc uc u
g

c c c
 

 
    
 
  

  



Chapitre 2 : Forced convection heat transfer by a flow of nanoffluid in a micro-channel using the lattice Boltzmann method  

35 

 nf nf p nf
=k / c 

                                                (2.20) 

 

Where pC denoted nanofluid specific heat capacity. 

Using the Brinkman model [16] the effective dynamic viscosity is: 

                 (2.21) 

 

The nanofluid thermal conductivity as a function of liquid fk  and solid conductivities sk  is 

expressed as following [16]:
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Where water molecule diameter is considered as fd  and pd is the nanoparticle molecule 

diameter. eP   is the Peclet number with the Brownian motion velocity of nanoparticles Bu , Bk

is the constant of  Boltzmann and  C is an experimental constant. 

5. Boundary condition 

Non-equilibrium bounce back model, normal to the boundary, is used for inlet and outlet 

hydrodynamic boundary conditions. In this model, distribution functions are reflected in 

suitable ways to satisfy the equilibrium conditions and improve accuracy. 
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The different thermal distribution functions at the exit and entrance region have determined 

using the bounce back model [17, 18]: 

 2.5
/ 1nf f   
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Concerning the boundary conditions at the walls of microchannels, the sliding boundary is 

applied for the hydrodynamic field. The slip length coefficient, β, is used to define the slip 

velocity su  for the liquid (Ngoma and Erchiqui [19]) and as written us follows: 

 

 

        (2.28)
 

 

Where su  is the slip velocity of the liquid on the wall.
 
The dimensionless form is written as:

  

(2.29)
 

 

To define the slip velocity in LBM, the specular reflective bounce back model (combination 

of bounce back and specular boundary condition) is applied in this work. For example for the 

bottom wall, the unknown distribution functions are approximated by: 

 

 

2 4

5 7 8

6 8 7

1

1

f f

f rf r f

f rf r f



  

  

 

  

  
                                                 

 (2.30) 

  

The accommodation factor, r, is chosen appropriately [20]. 

 The temperature jump can be expressed asfollows [21]: 
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Where   is the temperature jump distance. 

The dimensionless temperature at the wall can be obtained from the expression bellow 

             (2.32) 

 

The temperature jump at the bottom wall is written based on the internal energy distribution 

function [22]: 
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By semilarity, top wall temperature jump is determined. 

The local Nusselt number is given as [5] : 
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6. Grid Independence and validation 

Trial computations have been performed using three mesh sizes, i.e. 700 35 , 800 40   and 

900 45   for nanoparticles concentration φ = 0 and slip coefficient B = 0.01. The numerical 

results for different grids are shown in Table 1, due to small difference between the results of 

the last two grid sizes, a uniform grid with 800 40  was chosen to obtain the best agreement 

between accuracy and computation time. 

To validate the developed code, the comparison of the values obtained by Santra et al. [23] for 

the average Nusselt number (for different Reynolds number: Re=50, Re=100and Re=200) of a 

forced convection of cold Cu–water nanofluid in a macro channel with hot walls. The 

figure2.3 demonstrated good agreement with those of Santra et al. [23].In the present 

computation, the Reynolds number and the Prandtl number are chosen to be Re /nf nf H nfu D  ,

Pr /nf nf   and are calculated for the nanofluid mixture at φ= 0% (pure water), φ = 2% and φ 

= 4%, and the Reynolds number is fixed 1. The effects of slip Velocity on the walls and heat 

transfer are examined, the slip Velocity coefficient is chosen from 0.005 to 0.02. 
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Table 2. 1: Thermophysical properties of Ag (Argent) as the nanoparticles and water as 

the base fluid ( at average temperature from 27 to 34,7 °C) 

 (kg/m3)  K(W/mK)        (Pa.s) Cp(J/KgK) 

Ag 10500 429 - 235 

water 997.1 0.613           8.9x10�4 4179 

 

Table 2. 2: Grid Independency for Re = 1, Pr = 0.7, φ = 0 and B = 0.015 

  Grids   

  700x35 800x40 900x45 

Nu 7.18 7.23 7.25 

fC Re  21.04 21.10 21.13 
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Figure 2. 3. Obtained numerical results of the averaged Nusselt number vs. the results of 
Santra et al. [23]. 

 

7. Results and discussion 

Figure2.4. examines the horizontal dimensionless velocity profiles, i/uU u  .Along the 

microchannel wall at B=0.005for φ=0and φ=0.04.The fully developed condition is seen at 

x=0.08L and x=0.16L after a short entrance length(x=0.02L and x=0.04L).Moreover, it can 

be observed that the nanoparticles volume fraction do not have significant effects on U. The 

slip coefficient (B) leads to generate the slip velocity at Y =0 and Y=1 Which is well 

obvious in Figure2.4. However, it has the maximum value at entrance and then decreases 

along the microchannel.In contrary of usual flows in channels (at macro scales), the 

maximum value of U is less than 1.5 in fully developed region due to  slip velocity on the 

walls.Figure2.5 Depicts the dimensionless temperature profiles, i/TT  along the 

ϕ 

Lines : ‘’present work’’ 

Symbols : Santara et al. 
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microchannel at B=0.005 and for=0 and=0.04.The nanofluid temperature increases 

along the microchannel so that at x=0.16L, its temperature approaches almost to that of the 

wall. Moreover, the significant temperature jump is observed at inlet which decreases 

moderately along the walls to the outlet. However, there is very small value of temperature 

jump in fully developed region. 

 

  
Figure 2. 4. Horizontal dimensionless velocity profiles U along the microchannel at B = 

0.005 for = 0 and = 0.04 

  
Figure 2. 5. Dimensionless temperature profiles ,along the microchannel at B = 0.005 

for = 0  and = 0.04 

Figure.2.6 presents the streamlines and isotherms of nanofluid inside the microchannel at 

B=0.005(line) and B=0.02(dash) for=0.04.Nanofluid enters the microchannel from the 

left and after cooling the walls, it leaves from the right side. So there will be symmetric 

and horizontal streamlines along the microchannel. 
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(a) 

 

 
(b) 

 
Figure 2. 6.Streamlines (a) and isotherms (b) of the nanofluid for=0.04(- B=0,005 and  

 ---B=0, 02) 

Figures.2.7 and 2.8 portray the effect of B on sU  and s  along the microchannel’s walls.  It is 

to highlight that on the inlet region, the slip velocity and temperature jump rushed their 

maximum values and decreases to attain constant values. Large values of B induce an 

improvement in both sU and s . 

 
Figure 2. 7.Effects of B on sU for = 0.04 
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Figure 2. 8.Effects of B on s for = 0.04 

Figures.2.9 and 2.10 demonstrate the effect of φ on local Nusselt number and temperature 

jump at fixed value of B. Then, they start with largest value at entrance and they decrease to 

reach an asymptotic value. For large value of φ, Nux and s  are improved. However, this 

effect is more pronounced for Nux. The temperature jump around the entrance region occurs a 

higher values (Figure.2.10).Near the wall, the obtaining thermal boundary layer is 

accentuated. 

 

Figure 2. 9.Effect of   on xNu  for B = 0.005  
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Figure 2. 10. Effect of   on s  for B = 0.005 

 

Figure 2.11. demonstrates the variations of Nux along the microchannel walls at B = 0.005, B 

= 0.01 and B = 0.02 for φ = 0, φ = 0.02 and φ = 0.04. It can be noted that Nux augments with 

φ; but declines with B. Temperature gradient between the nanofluid particles on the wall and 

their neighbor ones adjacent to the wall, diminishes at larger B; as a result Nux becomes less 

amount at recent case. 
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Figure 2. 11. Effect of  and B on xNu  

8. Conclusion 

Laminar forced convection heat transfer of Ag–water nanofluid in a microchannel is 

simulated using a double population LBM–BGK method. The effects of different volume 

fractions of Argon nanoparticles and slip coefficient were investigated on the slip velocity, 

temperture jump and Nusselt number For Re=0.01. 

 The lattice Boltzmann approach is able to handle the nanofluid heat transfer 

phenomena in micro-channel. 

 The numerical obtained results confirmed higher φ corresponds to larger Nux number.  

 The larger values of B induces a decreasing in Nux and larger values of Us and θs . 
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 At the entrance region, the temperature jump reaches a high values along the 

microchannel walls especially which has the most temperature gradient between the 

walls and nanofluid.  

 To increase Nux in micro liquid flows, it is recommended to use nanofluid with φ = 4% 

and at low values of slip coefficient as like B = 0.005.  

 The effect of φ is more pronounced compared to B. 

 The Decrease in the values of slip coefficient enhances the convective heat transfer 

coefficient and consequently the Nusselt number (Nu). 
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1. Introduction 

Investigations on fluid flow and forced-convective heat transfer in porous systems has raised 

in last years through their wide range of applications in science, engineering and industry such 

as heat exchangers, solar porous receivers, thermal insulation and cooling of stored grains, 

food processing, the cooling system of electronic equipment, nuclear waste storage, etc., and 

the heat transfer in soil and other media(environmental fluid flows) [1]. Besides, despite the 

prompt rise of microsystems technology involving nano/micro cooling systems for aircraft 

and aerospace vehicles, medical engineering, automotive industries, power generation, solar 

technologies, and so on, thermal cooling technology faces huge challenges, especially 

regarding overall size, energy saving and cost reduction. Further, the constant need for 

miniaturization is highly sought after in these areas for more space saving. Such miniaturized 

systems typically involve an extended length and time scale, which can pose modeling and 

simulation challenges to capture the physics of flows at different scales. Thereby, research 

attention is increasingly focused on the heat transfer field to optimize energy devices 

(miniature or not) performance through heat transfer enhancement. This approach is certainly 

set to be pursued relentlessly in the future.The dispersion of solid nanoparticles in common 

working fluids such as water is one of the methods that can be implemented in improving the 

thermal performance of energy systems, and their application is prospective in this area [2]. 

These nanofluids (nanosuspensions), first conceptualized and pioneered by Choi and 

Eastmanin [3]and since widely accepted [4] to name a few, consist mainly of two components 

including a base fluid and solid nanoparticles. Due to their higher thermal conductivity than 

usual liquids, it has been turned out that these fluids can have irrefutable potential for 

improving the heat transfer rate in engineering systems compared to pure liquids, especially 

for cooling electronic devices among others. Thereby, many groups around the world are 

currently working in this vast field [2, 4] for developing appropriate techniques for improving 

heat transfer [5, 6] to cite a few. On the other hand, porous supports' use in thermal systems is 

an additional technique to raise thermal efficiency as they provide a high contact surface 

which helps to improve the heat transfer rate. 

Alhajaj et al. [7] performed a numerical study of different configurations (porous block, 

porous straight channel and porous wavy channels) setups using four different types of 

nanofluids mainly, namely 0.5% vol Al2O3/water, 0.5% vol TiO2/water, 0.5% vol 

Al2O3/Ethylene Glycol and 0.5% vol TiO2/Ethylene Glycol. They demonstrated that each 

nanofluid behaves differently from the others in terms of performance and found that the 

efficiency index is improved for the nanofluid by 0.5% by volume of water-based Al2O3. 
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Maghrebi et al. [8] investigated numerically heat transfer by nanofluids flowing through a 2D 

porous channel. They have pointed that the heat transfer rate in porous medium decreases for 

large values of the Lewis number, which is independent of the volume fraction distribution. 

Heat transfer and fluid flow of Cu (Copper), CuO (Copper oxide), TiO2(Titanium dioxide) 

and Al2O3 (aluminum oxide) nanoparticles over permeable surface have been handled in the 

presence of injection and suction by Maleki et al. [9]. These authors demonstrated that the 

non-Newtonian nanofluid shows better heat transfer performance compared to the Newtonian 

nanofluid. However, they observed that in injection, the use of non-Newtonian nanofluid can 

decrease heat transfer. Akinshilo [10] studied the geometry effects of different nanoparticles 

on heat transfer of nanofluid through porous channel using the homology perturbation 

method. From the analysis performed, it turned out that the lamina-shaped nanoparticles have 

a higher temperature and thermal conductivity compared to those of cylindrical and spherical 

shapes. Zhao et al. [1] numerically investigated the effects of nanoparticle volume fraction, 

Darcy number on heat exchange performance and flow in a porous channel within three 

heated blocks. Their outcomes showed that the addition of nanoparticles greatly improves the 

average Nusselt (Nu) number on the surface of heated sources. Besides, they stated that this 

parameter and the heat exchange performance drop with rising the Darcy number. Mahdavi et 

al. [11] achieved a numerical study on the heat transfer and entropy generation rate in flow 

through an isothermal pipe partially filled with porous medium. They seeked the optimized 

position and porous medium characteristics in the pipe that lead to higher heat transfer and 

lower entropy generation rate. Xu et al. [12] conducted a numerical study on the transfer of 

heat by forced convection of a fluid with nanoparticles in a metallic-foam duct via the local 

thermal non-equilibrium (LTNE) model. The effects of some key parameters on the flow and 

heat transfer of the nanofluid in porous media were analyzed along with mechanisms for 

improving heat transfer. Alihosseini and Jafari [13] used a 3D numerical model of fluid 

dynamics to examine the heat transfer of water-based nanofluids and Al2O3 in different 

configurations of porous media including different cylinders. They found that the fully porous 

cylinder exhibited the maximum improvement in Nu number and enhancement parameter 

over the empty cylinder. Needless to say, the efficient use of energy is and remains a major 

objective in the design of engineering systems. This requires the application of the second law 

of thermodynamics since the amount of available work is intimately linked the entropy 

amount production (e.g. Bejan [14], to name a few). Ellahi et al. [15] have studied 

numerically a pressure-driven flow of aluminum oxide-water based nanofluid with the 

combined effect of entropy generation and radiative electro-magneto-hydrodynamics filled 
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with porous media inside a symmetric wavy channel. It was found that, due to thermal 

buoyancy, the Darcy number, radiation parameter, electromagnetic parameter and temperature 

profile increase with the magnetic field parameter.Shah et al. [16] numerically examined the 

behavior of a hybrid nanomaterial in a permeable container due to Lorentz forces, constant 

heat flow and porosity. They found that increasing buoyancy and average porosity improve 

convective flow and lower temperature. 

Although there have been some advances in numerical and experimental approaches that deal 

with heat transfer via nanofluids in porous media, the forced convective flows analysis in 

open-ended porous channels still remains an open and challenging topic. In this context a 

numerical study on nanofluid forced flow and heat transfer in an open-ended porous channel 

was performed via thermal lattice Boltzmann method (TLBM) at the representative 

elementary volume (REV) scale. Indeed, in recent years, the LBM has been used more and 

more to study heat exchanges within nanofluids at the REV scale. In addition, the forced 

convection of nanofluids in porous media can be analyzed numerically at either the domain 

scale, the pore scale or the REV scale. It is this last approach which is retained herein since it 

combines the balance between the porous domain size to be deemed and the computation 

cost.Such an approach has achieved great success in studying complex problems across a 

wide range of scales [17, 18], as well as nanofluid flows [19 - 24] to name a few. 

It is worth noting that computation at finer resolutions can only be achieved by simulation 

techniques such as LBMs, molecular dynamics (MD) and Monte Carlo (MC) methods and 

that  due to the simplifications and empiricalmodifications often made, the traditional methods 

(FVM, FEM, etc.) become less suitable for handling nanofluid flows with or without heat 

transfer in porous media, miniaturized or not. 

Seta et al. [25] studied natural convection in a square cavity filled with a porous medium 

using the Brinkman-Forchheimer model and provided thermal behavior influenced by 

porosity, Darcy number (Da), and Rayleigh number. Mohebbi et al. [26] applied a LB method 

to simulate forced convection in an extended surface channel deeming three different 

nanofluids. They highlighted the effect of changing different parameters such as the solid 

volume fraction, the Re number, and the relative height of extended surfaces. Zhao et al. [27] 

analyzed the impacts of the nanoparticles volume fraction and Da number on the fluid and 

heat exchange performance in a porous channel using a nonorthogonal multiple-relaxation 

time (MRT)-LBM. They noticed the conspicuous influence of heat exchange by forced 

convection of fluid flow and thermal conduction. 
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As heat transfer is one of the key parameters in the aerospace industry, many techniques for 

improving heat have loomed up with the primary aim of reducing the exchange size involved 

while rising the capacity, or to mitigate the temperature difference. Such an approach could 

better help reduce the fuel consumption (e.g. of aeronautic/aerospace and other vehicles. 

Moreover, it turned out that nanoparticles' addition in a base fluid (e.g. water) improves the 

rate of heat transfer in these systems. Thereby, this technique is increasingly taken up in 

aerospace, nuclear, biomedical and electronic applications. Table 1 gathers some relevant 

studies dealing with heat transfer improvement via nanofluids. 

 

Table 3. 1. References' synthesis on thermal transfer via nanofluids. 
Reference Arrangement Highlights Main findings 

Bahrami et al. [28] Microchannel Effect of the Reynolds 

number (Re) on the 

thermal field and the 

Nusselt number (Nu). 

Rising Re reduces the effect 

of the percentage of facing 

discrete heat sources and 

the mean Nu. 

Tighchi and 

Esfahani [29] 

Square cavity Effect of Rayleigh 

number, extinction 

coefficient and 

scattering albedo on 

dynamic and thermal 

fields. 

The effect has been 

demonstrated and the 

numerical approach used 

(LBM) has turned out to be 

adequate in terms of the 

computation time. 

Hoseinpour et al. 

[30] 

Porous cavity Rayleigh number 

(Ra), porosity and 

Darcy number 

(Da)effects. 

The entropy generation 

decreases with the volume 

fractions of the nanofluid 

and increases with Ra, 

porosity and Da. 

Sivasankaran and 

Pan [31] 

Lid-driven 

cavity 

Effect of Ra number 

and nanoparticles' 

volume fraction. 

Heat transfer rate rises 

proportionally with 

nanoparticles' volume 

fraction. 

D'Orazio and 

Karimipour[32] 

Microchannel Effect of Knudsen 

(Kn) and Grashof (Gr) 

numbers. 

Nu number increases 

strongly with Gr number du 

to buoyancy forces. 

Azizi et al. [33] Cylindrical 

microchannel 

heat sink. 

Effect of Re number 

and water's 

concentration. 

Obtaining an optimum Re 

value and a water's fraction. 

Reference Arrangement Highlights Main findings 

Bahrami et al. [28] Microchannel Effect of the Reynolds 

number (Re) on the 

thermal field and the 

Nusselt number (Nu). 

Rising Re reduces the effect 

of the percentage of facing 

discrete heat sources and 

the mean Nu. 
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This non-exhaustive investigation points that the use of nanofluids as a heat transfer medium 

has been pierced over recent decades. To the best of our knowledge, in the perusal of 

literature fulfilled, simulating nanofluid forced flows and heat transfer in an open-ended 

porous channel with the REV-multi-distribution functions(MDF)-TLB method remain scarce. 

To fill out this gap, it is the latter approach which was considered herein to simulate the flow 

in forced convection within a porous channel saturated with a Cu/water mixture as nanofluids 

via the Brinkman-Forchheimer-Darcy (BFD) model. Such a model leans on momentum 

equation supplemented with the term friction due to macroscopic shear, which reduces to the 

traditional Navier-Stokes equation of a viscous fluid when the permeability is infinite and to 

the Darcy's equation when it is zero. The originality of the current study is to take-up of the 

REV-lattice Boltzmann method to handle the single phase model of flow of nanofluid with 

particles concentration less than 4% through an open-ended macroporous channel and to 

analyze the irreversibility of the considered system through the entropy generation rate and 

the Bejan number under various effects of relevant parameters. It should also be pointed out 

that, despite the extensive research undertaken on heat transfer in macrochannels, the 

system‘s instability study and the viscous dissipation effect on convective heat transfer and 

laminar flow of nanofluids should still be addressed. In addition, to our knowledge and from 

the open literature review, studies on system’s irreversibility and entropy generation in a 

nanofluid-filled macrochannel subjected to forced convection using Brinkman-Forchheimer-

Darcy model are developed through this chapter. To sum up, through the findings obtained, 

the proposed numerical simulation contributes to establishing the confidence premises 

required for thermal laminar flows of forced convective heat transfer in nanofluid-filled 

macrochannels.The layout of this chapter is as follows. In Section 2, the problem statement 

and simplifying assumptions are described. In section 3, the mathematical modeling of the 

dimensionless governing equations at the REV scalein a saturated porous fluid is presented 

for the local thermal equilibrium (LTE)condition. The calculation of the entropy generation 

through relevant parameters is briefly filled in. Section 4 introduces LBM for nanofluid flow 

in porous media adopted herein, and code validation is reported in Section 5. Section 6 

comments on the obtained outcomes, and the last section sums up the main findings of this 

analysis. 

2. Problem statement and assumptions 

Figure 1depicts the nanofluid forced flow and heat transfer in an open-ended porous channel 

along with relevant geometric parameters. It displays a 2D channel of length L and height H 

filled with Cu/water as a nanofluid. This enters into the channel with a constant and uniform 
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velocity( 0U ) and a uniform temperature ( inT ) and leaves and leaves it while being fully 

developed, so that Neumann Boundary conditions (BCs) are imposed at exit. The laminar 

nanofluid flow exchanges heat through its upper and lower walls, which are assumed to be 

isothermal (at constant temperature wT ) and no-slip. The channel being straight, the Cartesian 

coordinate system is used to describe the fluid flow whose -axis represents the streamwise 

direction. 

 

Figure 3. 1. Sketch of the envisioned problem with geometrical parameters and 

boundary conditions associated. 

             The assumptions that match to the subsequent mathematical model (Eqs. (1)-(3)) are: 

The forced convective flow is laminar; 

  The flow in the porous medium is considered as Brinkman-Forchheimer-Darcy (BFD) 

flow; 

  The Cu/water nanofluid is assumed to be homogeneous, isotropic Newtonian, viscous and 

incompressible (Ref. [34]); 

 The no-slip boundary condition is used for the top and bottom walls; 

 The effects of viscous dissipation are significant 

 Cu-nanoparticles and water are in local thermal equilibrium (LTE): this results in a single 

transport energy equation; 

 Both phases have constant thermophysical properties (see Table 2). 

Table 3. 2.The mixture (Cu/water) thermophysical properties at T = 298K. 
Properties Water Cu 

 1 1. .W m K    0.613 400 

 3.Kg m   997.1 8933 

 1 1. .p kgC J K   4179 385 

 .Pa s  8.92x10-4 - 
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3. Mathematical modeling 

3.1 REV governing equations 

Recall that here it is the Cu/water nanofluid flow and forced heat transfer in a porous channel 

that are investigated. With related assumptions and conditions up-stated, the governing 

equations (mass, momentum and energy conservations) at the REV scale for a convective 

nanofluid flow saturating a porous channel read [35-40]: 
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Where  ,V u v


 , p and T  are the fluid's volume-averaged velocity, pressure and temperature, 

respectively.  is the porosity, and K and Fε are the permeability and adjusted Forchheimer 

shape factor of porous medium, respectively. And nf  and nf depict the nanofluid dynamic 

viscosity and density, respectively. pC  denotes nanofluid specific heat capacity. Moreover,
e   

and 
e  are the effective dynamic viscosity and thermal conductivity, respectively, and 

ultimately the source term 1 2  corresponding to the dissipation function is specified below 

using relationship (8). 

It is more appropriate to consider the dimensionless transport equations instead to facilitate 

outcomes interpretation using dimensionless variables indicated by uppercase letters. These 

can be obtained through the following parameters: 
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 Regarding the other characteristic dimensionless parameters, the Reynolds number is 

0 /( )fR e H U  , the Prandtl number is / )( f fP r   , the Darcy number is 2( / )Da K H , 

the Eckert number is 2
0 / /( )pEc c TU  , the heat capacity ratio is ( ( ) / ( ) )c p s p fR C C  , 

and the thermal conductivity ratio is ( / )k s fR   , respectively.Hence , according to these 

parameters considered, the resulting dimensionless equations can be written as : 

                                                                 . 0V 


                                                                  (3.5) 

 



Chapitre3: Heat transfer in a porous macro-channel filled with nanofluid  

55 

 

   

2

2.5 2.5

.

1

Re 1 1 Re 1 1np np

f f

V V
U

t

F
P V U V V

Da
Da








 
     

 

 
   

  

    
      

                 
      

 

    
 (3.6) 

 

 

 
 2

1 2

1 .

1

( ) ( )
1 1

( ) ( )

nf

nf

c

c

k

p np p np

p f p f

R
U

R t

R R Ec

c c
RePr Re

c c



 

 
 

 
   

 

  
     
   

 
  

   
         

   


(3.7) 

                     With  

                                            

2

1 2.5

2

2 2
2 2.5

1
1

| |
(1 )

1
2 ( ) ( )

(1 )

np

f

F Re

V V
Da Da

U V U V

X Y Y X




 


 






  
        

 
 
 

       
              















 

 

                (3.8) 

The permeability K and the shape factor F  may be rated using the following relationships 

[41]: 

                                              
  23 2 / 1 5 0 1  pK d  and  

0.531.75 150F 



               

  (3.9) 

pd  (=10 nm [23]) being the nanoparticles diameter. 

The thermo-physical properties of the mixture Cu/water (up-involved in Equations 

(5)-(8)) are calculated via the following classical relationships coming from Maxwell 

and Brikmann (Einstein model extended up to 4% volume concentration) theories 

predictions for solid/fluid mixtures [34], to name a few: 
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Where is the nanoparticles’ volume fraction. Note that here the indices f and np stand for 

thermophysical properties of the base fluid and nanoparticles (Cu), respectively. Recall that 
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indices f and np respectively refer to the thermophysical properties of base fluid and 

nanoparticles (Cu). 

It should be emphasized that these correlations do not take into account either Brownian motion 

or the mutual forces between particles, thereby evading correlations use which may prove to be 

complicated to implement. 

3.2 Initial and boundary conditions (I & BCs) 

Knowing that the implementation of the initial (I) and boundary conditions (BCs) plays an 

essential 

role in any flow problem to obtain a proper solution, dimensionless initial and boundary 

conditions (I & BCs) associated with the pre-formulated equations are: 

 ( ) ( ) ( ) 0t tU V t     (Initial conditions) ; 

 1U  ; 0V  ; 0  , at 0X   and 0 1Y  (inlet) ; 

 0
U V

X X X

  
  

  
; at /X L H  and 0 1Y  (outlet) ; 

 0U  ; 0V   and 1  at 0 /X L H   and 1Y (top) ; 

 0U  ; 0V   and 1   at 0 /X L H   and 0Y   (bottom). 

Note that the LBM context, these macroscopic boundary conditions have to be translated 

using mesoscopic distribution functions without their physical meaning being altered (see 

§ IV.Bhereinafter). 

3.3 Entropy generation for LTE condition 

Entropy is generated due to the existence of temperature and velocity gradients. In terms of 

dimensionless variables, the local entropy generation rate (sometimes called entropy 

generation number) for the porous system mentioned above can be depicted via the 

dimensionless following relationship [42, 43]: 

                         

 
 

2 2

1 22

1k ,nf k f f
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R R Ec.Pr
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( ) X Y ( )

   
 

   

       
       

         
Nanofluid friction irreversibility (

Heat transfer irreversibility (

   (3.11) 

From this relationship, it looms that HTI and FFI are the two ingredients of total entropy 

generation whereby the irreversibility could be assessed. It is noteworthy that the average 

total entropy generation (
avNs ) of the system is obtained by averaging Eqution (11) over the 

entire channel. 

Irreversibility within the system (or its performance) is assessed using the Bejan number 

[14],which is defined as follows: 
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                                                         /Be HTI Ns                                                 (3.12) 

The local Nusselt number (Nu) along the bottom wall is evaluated as: 
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 (3.13) 

Spatial averaged Nusselt number is obtained by integrating the local Nusselt number along the 

bottom wall as : 

                                                        

/

0

1

/

L H

avNu Nu dX
L H

                                  (3.14) 

4. LBM for nanofluid flow in porous media 

4.1 Single relaxation time lattice Boltzmann model (SRT-LBM) 

The LB model at the REV scale for the flow field in porous media (viz. the governing 

equations. (5)-(7)) is adopted in this study. To avoid pointless repetitions, such an equations' 

system is not listed in this section. Heat transfer within a channel is often a forced convection 

problem where the Reynolds number is one of the key parameters. 

To handle the problem aimed herein, it is the thermal lattice Boltzmann method (TLBM) at 

the REV scale based on two distribution functions, f and g  , respectively for the flow and 

temperature fields which is taken up here. So, the macroscopic flow characteristics are 

obtained by the link between macroscopic flow variables and the distribution density function. 

Simply put, in LBM, each cell is a fluid particles cluster (represented by distribution 

functions) that can move in different directions. Thereby, the spatial and temporal evolvement 

of the fluid particle distribution function is described via the following SRT-based LB 

evolving equation [25, 44, 45]: 

                         
       1, , , ,

e i

eq
i i i i i i ef x e t t e t f x t t f x t f x t tF               (3.15) 

In Eq. (4.15), e ( 3 0,5)nf   is the dimensionless relaxation time for pseudo particles’ 

density distribution  ,if x t  at space x  and time t ; ie  and t  are the discrete lattice 

velocities and the time step, while  ,eq
if x t  is the equilibrium distribution function (EDF), 

which for the D2Q9 model (see Figure 2)  is defined as : 
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                                   (3.16) 

Where i  is the weight factor for distribution functions and ( / 3)sc c is the sound speed. 

The lattice velocities ie  used for D2Q9 model are given by: 
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(3.17)

 ( / )c x t   being the lattice speed and the weights are 0 4 / 9,  1 4 1/9,   5 9 1/36   . It 

is worthy to mention that the order numbers i= 1- 4 and i =5 -8 respectively indicate upright, 

streamwise and the diagonal directions of the lattice (Figure. 3.2).  

 

Figure 3. 2.Lattice structure (unit cell) for particle velocity vectors ie for D2Q9 model. 

The last quantity eiF  of Equation. (3.15) is the total force due to the porous medium and other 

external forces which can be expressed as [34, 46]: 
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               (3.18) 

At last, fluid density   and temporary velocity v  are determined from the moment of the 

distribution function as follows: 

                                                
,i

i

f   i i ei
i

v f e / tF / 2                              (3.19)
 

Given the nanoparticles presence, the actual velocity u  is computed according to the 

following relationship [47]: 
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As up-mentioned, the thermal part is simulated by using a different g  distribution function 

for temperature. Herewith, the SRT-based LB evolving equation for temperature can be 

written as follows [43, 48]: 
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        1, , , ,

g

eq
i i i i i ig x e t t t g x t t g x t g x t tG                      (3.22) 

Where ig  is the temperature distribution function, 
g is the lattice relaxation time, which can 

be defined as: 
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Also, equilibrium distribution function for temperature field, e q
ig for D2Q9 can be 

expressed as [39, 49]: 

                                                  
 21 /eq

i i i sg e u c                                                 (3.25) 

The term iG  appearing in Eq. (4.22) can be expressed by : 
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In final step, the temperature is given by [39]: 
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                                       (3.27) 

It is worth mentioning that, for the sake of simplicity and implementation, we opted 

for a simple and first-order accurate strategy unlike that of He et al. [50] which is 

second-order. 

4.2 Dynamic and thermal LB-BCS 

It is worth noting that implementation of BCs in LBM is different from other common 

grid-based numerical solving methods. Naturally, the leading role of boundary 

conditions (BCs) in the LBM formalism is translated by the microscopic distribution 

functions to establish a connection between the macroscopic-prescribed BCs, such as 

velocity and/or temperature and the microscopic BCs for of the LBM. Herein, these 

are computed using the following relationships [51- 54] to cite a few: 

Flow part 

The inlet density and the distribution functions can be expressed as follows : 
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The corner node at the inlet requires some special treatment. For instance, the bottom node 

at the inlet is taken.
3f , 

4f  and  
7f  are known where   is specified and u=0 after the 

streaming process. By applying the bounce back rule for the non-equilibrium part of the 

particle distribution normal to the inlet and the boundary, 
1 3f f  , 

2 4f f  , 
5 7f f  and

6 8f f . A similar procedure can be applied to the top inlet node and outlet nodes [51]. 

                                        

( , ,3) 2 ( 1, ,3) ( 2, ,3)

( , ,6) 2 ( 1, ,6) ( 2, ,6)

( , ,7) 2 ( 1, ,7) ( 2, ,7)

    


    
    

f n j f n j f n j

f n j f n j f n j

f n j f n j f n j

                        (3.29)                          

n  being the node number in the streamwise direction. The bounce back condition is used to 

handle boundary conditions at the channel solid walls via the relationship: 

                                                     
( ) ( )nf i nfi

f x f x                                                     (3.30) 

Where ii
e e   and nfx  is the fluid node at the lower and upper walls of the canal. 

Through this bounce-back relationship, it is the quantities 4f , 7f  and 8f  (respectively 2f , 5f  

and
6f ) which are unknown at the upper wall (respectively at the lower wall). 

Thermal part ( Refs. [53, 54]) 

At the channel input, the following BCs are imposed as  

                                              1 3g g  ; 5 7g g ; 8 6g g                                           (3.31) 

For the exit (east), the boundary conditions were set as follows: 

                                             3, 3, 1n ng g   ; 6, 6, 1n ng g   ; 7, 7, 1n ng g       (3.32) 

At north and south walls, the following conditions are fixed: 
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                                  (3.33) 

As a solving method, the SRT-TLBM approach at the REV scale is herein used to solve the 

governing equations along with specified boundary and initial conditions. 

5. Grid independency and validation 

As up-mentioned, an in-house parallel SRT-TLBM code has been developed for this 

numerical investigation. To ensure the validity of this numerical solver, validation has been 
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done and, the results achieved are compared with those of Santra et al. [55] and Mahmud and 

Fraser [56]. Table 3.3 gathered the maximum errors (%) for the model validation. Previously, 

grid independence for code was performed for three sizes, namely (1122x51), (1320x60) and 

(1518x69) to find the grid independent outputs (see Figure 3a).  

 

Table 3. 3.Model validation errors (%) 
Error (%)/ Fig. 3 b Error (%)/ Fig. 3 c 

0.98 (Re=200) 0.81 (Da=0.01) 

0.91 (Re=100) 0.47 (Da=0.05) 

0.87 (Re=50) 0.42 (Da=0.1) 

 

As depicted in Figures. 3b-c, results are presented in terms of average Nusselt profiles set by  

and dimensionless temperature ( ) set by Da at the streamwise station X = 6 from which the 

flow becomes fully developed. The outcomes obtained corroborate Refs.'s results [55, 56] 

with an outstanding agreement. Accordingly, the code outcomes are reliable, thereby, 

demonstrating that the solver can be implemented to deal with the deemed problem. Note that, 

due to the small difference between the results of the last two grid sizes (0.18%), the 1320x60 

grid was selected to handle the further simulations. 
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b) 
c) 

Figure 3. 3.a)Grid independent test of U-velocity at X=6 (fully-developed region) with 

Da=0.01, ɛ = 0.7 and   = 0; b) Nu av-profiles and c)  -profiles  = 0.6, Ec = 10, and Pr = 

1. (Comparison with Santra et al. [55] and Mahmud and Fraser results [56]. 

 

6. Results and discussion 

Recall that computations have been performed to handle the unsteady forced convective flow 

in a filled channel with Cu/water nanofluid under LTE as sketched in Figure 1.3. The targeted 

goal of this investigation is to explore the effects of the volume fraction of nanoparticles, 

Darcy number, porosity, heat capacity ratio and thermal conductivity ratio on heat transfer, 

entropy generation, the mean Nusselt number and the Bejan number. These effects have been 

assessed through Re = 200, Pr = 6,  = 0.6, the nanoparticles volume fraction (= 0.0 - 0.04), 

Darcy number (Da= 310 -1), Ec number (Ec = 1-10), the thermal conductivity ratio (Rk = 10-

30), and heat capacity ratio (Rc = 10-20). 

ϕ 

Lines :present 
work Symbols : Santara et al. 
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Figure3.4 depicts the dimensionless horizontal velocity U as a function of the upright 

coordinate Y at the streamwise distance X = 6, for the Da ranging from 310 to 1. It appears that 

this velocity exhibits a parabolic profile as Da increases. Thereby, the permeability of the 

porous medium increases with Da number by reducing the velocity profile flatness Likewise, 

low Da numbers involves a drop in maximum velocity. 

 

Figure 3. 4.U-velocity profile of Cu/water nanofluid vs. the upright coordinate Y at X 

= 6 for Re = 200,  = 0.04,  = 0.6, 1 5cR  , 10kR  , 1cE   and different Da 

numbers. 

 

Figure 3.5 presents the dynamic U-contours for two Da numbers. It can be seen and 

confirming (comments of Figure 3.4) that as Da increases the flatness of the velocity shape 

decreases which indicates the role of the porous structure permeability. 

a) b) 

 
Figure 3. 5.Dimensionless U-velocity contour of Cu/water nanofluid for Re = 200,   = 

0.04,  = 0.6,
cR  = 15, 

kR  = 10, 
cE = 1 and a) Da = 21 0  ; b) Da=1. 

Figures 3.6-3.10 show the effects of Da,  , 
kR , 

cR  and 
cE  on dimensionless temperature 
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 ( ) vs. the upright coordinate Y at X = 6. These figures depicted that temperature profiles 

are highly sensitive to changes in the parameters considered. It is observed that as the number 

of Darcy increases, the  's maximum drops more and more (Figure 3.6 and 3.7).It can be 

noted that the permeability mitigates and slows the heat transfer rate, and thereby, the 

temperature distribution.  Interestingly, the maximum of is reached around the center of the 

channel due to the imposed thermal boundary conditions which generates a high temperature 

gradient. 

Moreover, it can be seen that the increase in rises that of the local maximum (Figure 3.8). 

Besides, as expected, it is observed that the temperature of the nanofluid is always higher than 

a fluid devoid of any nanoparticle. An in-depth examination of Figure 3.9 shows that the 

temperature increases when Rc and Rk decrease indicating that the nanofluid actively 

participates in heat transfer. As for Figure 3.10, it clarifies viscous dissipation contribution on 

temperature demonstrating that a high Ec number amply increases the temperature. This 

points that viscous dissipation is indeed a heat generation source because it causes high fluid 

friction forces. On another aspect, it appears that  undeniably influences . Despite the profiles 

shape similarity, the maxima exhibited are higher with   = 0.04 (Figure 3.10b), the highest 

value deemed herein. 

a) b) 

 
Figure 3. 6. Dimensionless temperature ( ) contour of Cu/water nanofluid for Re = 200, 

  = 0.04, =  0.6,
cR = 15,

kR = 10,
cE = 1 and a) Da = 21 0  ; b) Da= 31 0  . 
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Figure 3. 7. -profile of Cu/water nanofluid vs. the upright coordinate Y at X = 6 for 

Re=200, Ec=1,   = 0.04,   = 0.6,
cR  = 15, 

kR  = 10 and different Da numbers. 

 

 

Figure 3. 8. -profile of Cu/water nanofluid vs. the upright coordinate Y at X 

= 6 for, Re = 200, Ec = 1, Da=0.01, = 0.6 ,
cR  = 15, 

kR  = 10 and diverse   

(0.0, 0.02 and 0.04). 
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(a) (b) 

Figure 3. 9 . -profile of Cu/water nanofluid vs. the upright coordinate Y at X = 6 for 

1cE   Re = 200, Da = 0.01, = 0.6 , 0.02   and diverse parameters 
kR  (a) and 

cR  

(b). 

 

 (a) 
 (b) 

Figure 3. 10. -profile of Cu/water nanofluid vs. the upright coordinate Y at X = 6 for 
Re = 200, Da = 0.01,   = 0.6 , cR  = 15, 

kR  = 10  and two -values (0.02 (a) and 0.04 

(b)). 
Figure 3.11 examines the effect of the parameters Da, Ec, Rk and Rc on Nuav evolvement vs.  

over a wide range while keeping the other parameters constant. It is worthy to mention that 

Nuav is a key factor to assess the improvement portion or not of the heat transfer by 

nanoparticles addition to the pure fluid. It exhibits that, the average Nusselt number (i.e. the 

global heat transfer) escalates and non-linearly regardless of nanoparticles volume fraction 

except at large Da and low Ec numbers (Figures 3.11a and 3.11b). As up-mentioned, the 
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Darcy and Eckert numbers  reflect the relative permeability effect of a porous medium and the 

ratio of advective mass transfer to the heat dissipation potential, respectively. So, Figures 

3.11a and 3.11b show their respective effects. It is found that increasing the Darcy number 

causes a monotonic decrease in the mean Nusselt number, while the reverse occurs when Ec 

number increases indicating that large viscous forces accentuates the forced heat convection.  

As can be inferred from Figures 3.11c and 3.11d, parameters Rk and Rc have an opposite 

effect. Explicitly, it can be concluded that using a nanofluid with high thermal conductivity 

(respectively, high thermal capacity) requires less time (respectively more time) to exchange 

the total energy. To sum up, an observation of these figures indicates that the nanofluid 

considered can be used as an efficient working fluid in cooling systems. 

 
                                                                   (a) 

 
(b) 

(c) (d) 

Figure 3.11 From left to right and top to bottom, plots of average Nusselt number 
(Nuav) vs. nanoparticles volume fraction () along the bottom wall: Effect of a) Da, b) 
Ec, c) 

kR  and d) 
cR . 
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Figures 3.12a-b indicate the effects of Da and  on the dimensionless entropy generation 

number (
sN ). According to Figure 3.12a, this number exhibits two extrema (maximum) near 

walls at low Darcy number indicating that the permeability of the medium affected the fluid 

friction forces. As for Figure 3.12b, it reveals that the more  increases, the higher this number 

is, in particular at the channel center. This trend explains that the nanoparticles addition 

increases the thermal conductivity of the medium and thereby viscous effects augment. 

(a) (b) 

Figure 3. 12. Local entropy generation (Ns)'s upright evolution for different Da (a) 

and   (b) at the streamwise distance with Re = 200,   = 0.6 ,
cR  = 15, 

kR  = 10 and Ec 

=1. 

The effect of Eckert's number on Ns is brought out in Figure 3.13 along the upright 

coordinate Y at X = 6 for which Da = 0.01,   = 0.02 and   = 0.6.As shown, Ns increases 

with increasing Eckert number. This is expected because for high Ec, momentum advection 

outweighs heat dissipation. Hence, the higher the Ec number, the larger the entropy 

generation which explains that viscous forces caused large fluid friction forces which 

generates a heat source. As can be seen, such a figure demonstrates that, whatever the Eckert 

number, 
sN  presents a symmetrical profile over the entire height of the channel with two 

maxima and one minima which  become more and more apparent as Ec increases. 
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Figure 3.13. Local entropy generation (Ns)'s upright evolution for different Ec 

numbers at the streamwise distance X= 6 with Da = 0.01,   = 0.02 and   = 0.6, ,

cR  = 15 and 
kR  = 10 

 
Figure 3.14 reveals any change in the parameter Rk in no way affects Ns for Da=0.01, = 

0.02 and   = 0.6. Note that from 
kR =10, Ns's amplitude reaches a local maximum depending 

on the thermal conductivity of the medium and thereby indicates the effects of the nanofluid 

dispersion under viscous effects and heat transfer propagation. 

 

Figure 3. 14. Upright evolution of the local entropy generation (Ns) for different Rk 
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values at the streamwise distance X= 6 with Da = 0.01,  = 0.02 ,   = 0.6, cR  = 15, and 

Ec =1 

 
Figure 3.15 illustrates the

sN  number along the channel height for various values of Rc 

parameter when Da,  and have the values considered herein, viz. 0.01, 0.02 and 0.6, 

respectively. It appears that the  Rc parameter has a slight influence on Ns. It turns out that the 

Rc increase improves the entropy generation rate (Ns) due to the viscous effects dominance 

which accentuate the irreversibility. 

 

 

Figure 3. 15. Upright evolution of the local entropy generation (Ns) for different Rc 

values at the streamwise distance X = 6 with Da = 0.01,   = 0.02n   = 0.6, 
kR  = 10, 

and Ec =1. 

 
Figure 3.16 illustrates the effect of Da, Ec, Rk and Rc on the average entropy generation rate 

(Nsav) due to nanofluid flow. It is found that this quantity varies monotonically when varying 

Da and Ec (see Figures 3.16a-b). It decreases when Da increases, while it increases with Ec. 

Thereby high permeability affected the heat transfer and fluid friction irreversibly dominates 

the entropy generation rate. As for the effects of thermophysical characteristics on the 

generation of global entropy, it can be stated that Nsav increases linearly with the volume 

fraction whatever the values of Rc and Rk (see Figures 3.16c-d) indicating that the 

nanoparticles addition accentuates the viscous effects and the convective heat transfer . 

Therefore, the nanoparticles rise the thermal conductivity of the medium which generates a 
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heat source inside the channel due to the fluid friction and porous medium forces. Moreover, 

it can be observed that this quantity (Nsav) is improved for the large values of Rc and of Rk. To 

sum up, the nanoparticles addition in the base fluid improves the rate of heat transfer and fluid 

friction forces while inducing more irreversibility. 

 

 (a) (b) 

 (c) (d) 

Figure 3. 16. Plots of average entropy generation (Nsav) vs. nanoparticles volume 

fraction φ: Effect of a) Da ; b) Ec c) Rk and d) Rc, respectively (left to right and top 

to bottom). 

 

 
Ultimately, to illuminate the effects of the key numbers Da, Ec, Rk and Rc on the 

irreversibility within the system, the Bejan number (Be) is plotted in Figures 17a-e.All these 
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figures show that it is the second ingredient of entropy generation (FFI) which dominates over 

the entire height of the canal due to shearing, indicating that it is the conduction mode that 

clearly prevails (Be<<0.5). For this case, it is worth noting that viscous forces resulting high 

fluid friction forces dominate the irreversibility of the system. This is due to the thermal 

boundary conditions imposed on the walls which induce temperature gradients at these 

locations throughout the channel. Likewise, it turned out that all the parameters considered, 

viz Da, Ec, Rk and Rc have a negligible effect at the channel center in the considered range. 

(a) (b) 

(c) (d) 
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(e) 

Figure 3.17. Bejan’s upright evolution parametrized by  a)
kR , b)

cR , c) Da, d) Ec, and 

e)  at the streamwise distance X =6 

 
7. Conclusion 

In this study, the unsteady convective nanofluid (Cu/water) flow in an open-ended porous 

channel is demonstrated via a MDF-thermal lattice Boltzmann method and the Brinkman-

Forchheimer-Darcy model. Although only the SRT-LB model is considered herein, it is 

relevant to opt for a MRT counterpart in a near future. Through the various flow control 

parameters (Re, Ec), the permeability (Da), the medium's porosity (), conductivity and 

thermal capacity ratios (Rk and Rc), and nanoparticles volume concentration (), the 

underlying physics of this problem is systematically explored. This investigation is filled up 

by exhibiting the average Nusselt number, the local and average entropy generation rates and 

the local Bejan number to highlight the irreversibilities that prevail in the present 

configuration of the problem. Based on the numerical results, the salient outcomes of this 

study can be drawn as follows: 

 The volume fraction of the nanoparticles leads to a rise in heat transfer and 

entropy generation while being reinforced by the porous medium permeability. 

 Heat transfer rate rises by dropping Darcy number whatever the nanoparticles 

volume fraction. In addition, such an effect is more important at high intensity 

of viscous dissipation. 

 Adding nanoparticles increases the average entropy generation rate (
avsN ) as 

the heat capacity (
cR ) and thermal conductivity (

kR ) ratios increase, while 

increasing the Da number has the opposite effect. 
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 Increasing the nanoparticles volume fraction () improves the nanofluid 

thermal conductivity and, thereby, the overall heat transfer. 

 Irreversibilities within the heat transfer system (HTI) predominate only in the 

immediate vicinity of the channel walls due to the imposed thermal boundary 

conditions. 

To sum up, obtaining less entropy generation and high system efficiency requires a suitable 

combination of the various key parameters of the flow deemed. Likewise, the MDF-TLBM 

approach has been shown to be effective in dealing with nanofluids flow in a porous medium 

with acceptable accuracy, which is of great importance to further deepen our understanding of 

the flow and the heat transfer process of nanofluids. 
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1. Introduction 

Recent miniaturization techniques have led to an increasing development of Micro Electro 

Mechanical Systems (MEMS) used in different sectors (medicine, biology, industry,..). MEMS 

are mechanical systems comprising at least one micrometer-sized component. This component 

can be a conduit, a seat of a flow, whose dimension is of the order of a few microns. However, to 

design and manufacture such systems, it is necessary to understand and characterize the flow and 

heat transfer in these small scales [1-4]. The effects of gravity are ignored in the investigation of 

forced convection and are taken into account for natural convection. Therefore, numerous 

intermediate situations between forced convection and free convection coexist with comparable 

orders of magnitude, called mixed convection. Among the examples of this diversity, we can 

cite: slow flows in pipes (as in water radiators) or along a wall, isotherm jets (heating air 

conditioning of local ...), and atmospheric flows and currents (more generally a lot of highly 

isotherm flows). Heat transfer by mixed convection in micro channels has been treated for 

several decades [5-6]. In this context, Khanafer et al. [7] simulated mixed convection heat 

transfer in a differentially heated cavity of the cylinders speed. They found that the average 

Nusselt number increased for high values of the rotation speed of the cylinder, the Reynolds 

number (Re) and the Richardson number (Ri). This simulation also showed that the heat transfer 

rate was comparable to the values of the cylinder speed for high Ri. Kang and John [8] studied 

slip effects on mixed convective heat transfer in a vertical plate. They stated that in gas flows, 

heat transfer would decrease as the flow became more rarefied. This behavior took place because 

the temperature jump condition reduced the heat transfer more than that improved by the slip 

velocity. Naizmand and Rahimi [9] simulated the mixed convection of slip flows in a vertical 

parallel plate microchannel in symmetric and asymmetric wall heat fluxes. The top-bottom walls 

of the microchannel were subjected to constant heat fluxes. They pointed out that the increase in 

Gr/Re would enhance the heat transfer rate and the friction losses. Tavakoli et al.[10] 

numerically investigated mixed convection heat transfer inside rectangular microchannels with 

two-phases. The obtained results showed that an improvement in Re, the slip coefficient number, 

Grashof number (Gr) and the volume fraction of nanoparticles would enhance the heat transfer 

rate.  

The recent considerable development of research dealing with nanofluids, as it is possible for 

some applications, has significantly increased heat transfer by introducing a low concentration of 

nanoparticles into a pure fluid. Nanofluids are a mixture of liquid and dispersed solid 

nanoparticles. Their characteristics are different from the traditional solid–liquid mixtures in 

milli or micro-meter particle’s size. For low values of concentrations, some of these solutions 
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have been shown to be very effective in enhancing heat transfer under certain conditions.  

Masoud et al.[11] presented an experimental study dealing with nanofluid thermal conductivity 

composed of MWCNT-CuO/ Water. Xu and sun [12] conducted a model of a hybrid nanofluid 

in a vertical microchannel under mixed convection. They stated that the nanoparticle volumetric 

fractions strongly affected the dynamic and thermal behaviors. Additionally, they demonstrated 

that the increase in Ri and the nanoparticles volume fractions would enhance the average heat 

transfer rate.  Manay and Mandev [13] investigated the mixed convection of nanofluids in 

circular microchannels. They found that the suspension of the volume fraction of silicon dioxide 

nanoparticles enhanced the heat transfer rate. Therefore, it would decrease regardless Re. 

Naphon et al. [14] experimentally studied the performance of heat transfer for jet impingement in 

a micro-channel heat sink for the flow of laminar nanofluids. They found that convective heat 

transfer went up from 18.56% to 0.015% by volume fraction. Bowers et al.[15] experimentally 

studied the thermal behavior of the flow of laminar nanofluids in micro channels. They proved 

that convective heat transfer intensified for both nanofluids (silica and alumina) at low particle 

concentrations. The improvement in heat transfer grew with the rise of Re and the hydraulic 

diameter of microchannels.  

Generally, the Lattice Boltzmann Method (LBM) is a new tool for the numerical simulation of 

the flows of nanofluids. The LBM has also been successfully applied to simulate microchannel 

flows. Unlike classical numerical methods based on the discretization of macroscopic 

conservation equations, this method is based on microscopic models. It should be noted that 

several investigations have used the LBM as a reliable process to deal with nanofluid models 

inserted in microchannels [16-17]. However, the slip velocity effects on the mixed convection 

are scarcely treated. Mozaffari et al. [18] investigated numerically the effects of gravity on the 

flow in a microchannel using the LBM. They also studied the effect of varying slip flow 

parameters such as Gr and the slip coefficient on the hydrodynamic and thermal properties of the 

fluid flow.Karimipour et al. [19] investigated mixed convection in a microchannel while 

considering the gravitational effects and using the LBM. They noted that for small values of slip 

velocity, the effects of the buoyancy force on the heat transfer rate were important.  D’Orazio 

and Karimipour [20] studied the same problem with top-bottom walls subjected to a constant 

heat flux. Based on the above literature, the use of the LBM to simulate forced mixed convection 

in inclined microchannels for the flow of laminar nanofluids has been scarce. Thereby, this 

chapter uses such an approach to further understand the effect of gravity on heat transfer for 

mixed convection in inclined micro channels for the flow of laminar nanofluids. Therefore, we 

report here a numerical study of heat transfer for the flow of laminar nanofluids in an inclined 
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microchannel subjected to a constant heat flux. Attention is focused on the effects of the 

emerging parameters on streamlines, isotherms, slip velocity, wall temperature and Nusselt 

number.  

2. Physical problem 

The proposed physical model with the cartesian coordinate system considered in this study is 

depicted in (Figure 4.1). It is an open-ended inclined micro-channel with length is ten times 

longer than its width (L/H = 10) completely filled with a Al2O3/Water nanofluid maintained 

under mixed convection heat transfer. The top-bottom walls are subjected to a constant heat flux, 

q. The uniform velocity and the temperature of the fluid at the channel entrance are chosen to be 

iU and iT , and the output conditions are assumed to be fully developed, where the geometry is 

two-dimensional. It is well known that the characteristic length is chosen as the hydraulic length 

( HD ) in a channel flow, which means 2HD H  have a small amount in a micro flow inside a 

microchannel due to the fact of low value of microchannel width (H). Hence it’s corresponded 

Reynolds number ( /e i i HR u D  ) will have a low value. The temperature of inlet cold 

nanofluid ( iT ) will increase through the microchannel due to heat exchange with hot walls. 

Effects of buoyancy forces on slip velocity and temperature domain at different values of 

nanoparticles volume fraction  (φ= 0, φ=2%, φ= 4%) are investigated. To do this, four different 

case studies as no-gravity, Ri=1, Ri=5 and Ri=10 at Re=1 are considered while the 

dimensionless liquid slip coefficient changes from B=0.005 to B=0.01 and B=0.02. Double 

population distribution functions of ‘‘f’’ and ‘‘g’’ in thermal lattice Boltzmann method are used 

for the hydrodynamic and thermal domains. 
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Figure 4. 1. Mixed convection of Al2O3/Water nanofluid flow in an inclined microchannel 
 

To simulate a laminar nanofluid flow through an inclined  microchannel, the nanoparticles are 

assumed to be suspended uniformly in the base fluid (water). Furthermore, the flow of the 

nanofluid field is assumed to be uniform, incompressible and laminar.The thermo-physical 

properties are kept constant, and the viscous dissipation effects are included in the energy 

equation. 

3. Mathematical formulation 

3.1 Nanofluids 

Nanofluids represent a dispersion of particles in a nanometric size, called nanoparticles, in a 

basic fluid in order to improve their properties.  

Effective density can be given by [21]: 

 
f

nf s= 1


   
                                                          

(4.1) 

 Where  is the nanoparticle volume fraction. 

The thermal diffusivity of the nanofluid can be given by [22]: 

                                                     
      p p pnf s f

c = c 1 c                                              (4.2) 

                                                     
 nf nf p nf

=k / c                                                                   (4.3) 

Using the Brinkman model [23], the effective dynamic viscosity used with the nanoparticles with 

higher represent concentration is [24] 

   
 2.5

/ 1nf f   
                                                              

(4.4) 
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 Eq. (5) given by [25], is used to determine the thermal conductivity of the nanofluid: 
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          (4.5) 

            with  

                                                

cB

T C=A 10  ,T=247.8 K , 
5A=2.414 10 Pa.s                                  (4.6) 

cB : the Boltzmann constant  231.3807 10 /J K  

BFL : the base fluid mean free path 

3.2 Modified Lattice Boltzmann method 

 

Figure 4. 2. a. The schematic lattice of D2Q9 
 

Recently, the LBM has known remarkable progress to simulate complex phenomena in 

various engineering applications and has been successfully applied to simulate transport 

phenomena microchannels [26]. Accordingly, in this paper the LBM in a two- dimensional 

configuration (D2Q9, Figure 4.2.a) based on the BGK approximation (Bhatnagar et al.[27]) 

is used to simulate the mixed convection in an inclined microchannel for a laminar nanofluid 

with the associated boundary conditions. The LBM domain is discretized in uniform cartesian 

cells which hold a fixed number of distribution functions. These distribution functions are 

calculated by solving the lattice Boltzmann equation, which is the special discretization of the 

kinetic Boltzmann equation. Therefore, the lattice Boltzmann equations relative to different 

macroscopic fields are (Guo and Zhoa, [28] ; Mussa et al.,[29]) : equation. 
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Symbols if
 and  ig  define the modified distribution functions (all details can be found in [30]). 

However, they indicate the momentum and internal energy distribution functions, respectively 

(He et al., 1998), and f and g their densities. ef and eg indicate the equilibrium distribution 

functions.[31]. 

In the BGK formulation, this new distribution function can be expressed as follows [31]: 
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with the material derivative .i t iD c   


 

Where  f and  g  are the relaxation times, and e
if and e

ig indicate the equilibrium distribution 

functions. Zi are the heat dissipation term. The microscopic particle velocities are [19] :       
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   The equilibrium distributions functions are chosen in the quadratic expansion of       

Maxwellian [31] 
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          Where 

( , )u u v


, ( , )x x y


 , e RT   , the mass functions are chosen as 0 4/9  , 

1/9 1,2,3,4i for i   ,  
1/36 5,6,7,8i for i    

 Finally, the hydrodynamic variables can be obtained via the given expressions [19]: 
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             We can write [20]: 
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                  And 

                                                         Pr

f
g


                                                                        (4.18) 

            Where K is the heat capacity ratio of gas, and for diatomic ideal gas this number is equal 

to 7/5. 

3.3 Boundary conditions 

3.3.1 Open boundary conditions 

Here the LBM- boundary conditions deal with microscopic distribution functions f and 

g. A non-equilibrium bounce back model is adopted, for the hydrodynamic boundary 

conditions at duct extremities [32]. In this model, distribution functions secure the 

equilibrium conditions and enhance accuracy [33].  

The hydrodynamic entrance and exit boundary conditions are discretized using the 

non-equilibrium bounce back model [32-33]: 
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The unkhnowc thermal distribution functions at these areas (extremities) are computed 

using the known thermal input conditions and the non-equilibrium bounce back model 

as [35-37]:  
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3.3.2 Top-Bottom walls boundary conditions 

In The no-slip regimes, the boundary conditions used are: 

 unkhnowc thermal distribution functions at these areas (extremities) are computed using the 

known thermal input conditions and the non-equilibrium bounce back model as [34-36]:  

                                                 w liquid wu u                                                                 (4.23) 

                                                             w liquid wT T                                                                  (4.24) 

Where wu  is the velocity of the wall, and liquidu   represents the velocity of the liquid at the 

wall. Similar definitions can be considered the temperature field. 

Thompson and Troian [37] show the slip flow on the walls using molecular method. 
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(4.25) 

Where sL  is the constant slip length. 

Ngoma and Erchiqui [38] considered The slip length coefficient () and the slip velocity for 

the liquid in the microchannel are written as (Ngoma and Erchiqui [38]): 

                                                      
0,

fluid
s y h

u
u

y
 


 


                                            (4.26)

         

Where su  is the slip velocity of the liquid on the wall. The dimensionless form is written as: 

                                                 
Y=0,1

=s

U
U B

Y





                                                            

(4.27) 

To write the slip velocity using eq. (27) in the LBM, sU was calculated by using the specular 

reflective bounce back and diffuse-scattering boundary condition [39] is applied in this study. 

The hydrodynamic distribution functions at the lower wall are given as [34]:  

2 4f f                                     (4.27.1) 

                                                           5,6 7,8 8,71f rf r f    
                                                 (4.27.2) 

Where r= is the accommodation factor (r < 1). 

Thereby, the hydrodynamic distribution functions at the top wall are: 

4 2f f 
                        (4.28.1) 

                                                          
 7,8 5,6 6,51f rf r f    

                                                  (4.28.2) 

By analogy with eq. (26), we can write the temperature jump in the microchannel walls [40]: 

  fluid
w fluid w w

T
T T y wall T

y



    
                               (4.29) 

Where   is the temperature jump distance. The dimensionless form of eq. (29) is written as:  

                                                             Y=0,1

=
Pr

w

B

y


 





                                                           (4.30) 

For the thermal boundary condition in the microchannel, the general-purpose thermal 

boundary condition (GPTBC) (D’Orazio et al.) heat flux model is considered in this chapter 

[31]. 

4. Effects of gravity 

The model proposed under a mixed convection nanofluid in an inclined microchannel is 

studied by using the approximation of   Boussinesq, where the buoyancy force is 
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 .Taking into consideration the influence of “F” (external force), and the lattice 

Boltzmann equation is given as [19]: 

                                                    
 .

e

t

f f
f c f F




                                                      (4.31) 

                    With           

                                                     

  eG c u
F f

RT




 


 

                    Therefore, 

         

 

2

2

3
, , sin

0.5 0.5

3
cos

0.5

f ixe e
i i i i

f f

iyf e
i

f

dt G c udt
f x c dt t dt f x t f f f

dt dt c

G c vdt
f

dt c




 






 
        

   

 
 
 
 

  

   

 (4.32) 

                     

 

0.5 0.5

0.5 0.5

e e
f i i f

i
f f

f f dt dt
f F

dt dt

 

 


 

 



                                      
(4.33) 

   0.5 0.5 0.5
sin cos

0.5 0.5 0.5

e
iyf i i f fix e e

i i i
f f f

G c vf dtf dt dtG c u
f f f

dt dt RT dt RT

  
 

  

   
    

        



          

(4.34) 

Accordingly, the hydrodynamic variables can be written as follows: 

                                                       i
i

f
                                                                           

(4.35.1) 
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(4.35.3) 

As it was said before, the lower and upper walls were affected by a constant heat flux by the 

following equation [20]: 
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(4.36) 

 

Using the last equation for the upper wall leads to: 
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(4.37) 
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5. Results and comments 

To achieve the grid-mesh test, simulation is performed for three sizes, which are (350x35), 

(400x40) and (450x45), for the slip velocity in the absence of gravity. The results of the slip 

velocity remain independent beyond the grid size (400x40). The results of the slip velocity 

remain independent beyond the grid size (400x40). As it can be seen, the predicted values are 

almost similar. As illustrated, the maximal difference between the first two meshes is 

approximately 0.8%. Then, it shrinks to reach a deviation of 0.2% between the last two grids. 

This suggests that the solution becomes independent of the (400x40) grid. Therefore, such a grid 

is selected for the rest of the later computations. (See table 4.1) 

Table 4. 1Grid independency in absence of buoyancy force for two values of B 
 

 

 

 

 

 

Present work achievements by LBM versus analytical ones of Kandlikar et al. [1] are 

compared in Figure.2.b corresponded to a plane flow between two parallel plates at width of 

2h. The slip velocity is involved analytically as *21 8u y Kn    , where 

   2/ / 2 /u u h dp dx   and * /y y h . Suitable agreements are seen between them.  

 Grids 

 350x35 400x40 450x45 

B=0.02 0.124 0.125 0.125 

B=0.01 0.125 0.073 0.073 
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Figure 4 .2.b. Fully developed velocity profiles of preset work vs. analytical solution of 
Kandlikar et al. [1] 

 
This work reports on heat transfer for the flow of laminar nanofluids in inclined 

microchannels with top-bottom walls subjected to a constant heat flux considering the 

gravitational effects. The used nanofluid is Al2O3, which is the nanoparticle chosen for this 

study, as given in Table 4.2. Re is chosen to be 1. Numerical simulation is completed by 

presenting the effect of emerging parameters, such as the buoyancy force (Ri =1, 5, 10), the 

slip coefficient (B=0.005, 0.01, 0.02), the nanoparticle volume fraction ( =0, 2%, 4%) and 

the micro-channel inclination angle (= 0°, 30°, 60°), on the dynamic and thermal behaviors. 

Figure 4.3.a, b displays the streamlines (a) and isotherms (b) for B=0.01 and  =4% without 

gravity. The horizontal streamlines occur from the entrance left side along the walls. The 

isotherms are symmetrical with respect to the central line due to the existence of the heat flux 

at the top-bottom walls.  For the same condition, velocity reaches a maximum at the centerline 

of the microchannel depending on X. Far from the entrance, where X = 0.08L, the velocity 

becomes developed with a maximum of less than 1.5 (Figure 4.3.c). The obtained symmetry 

in the streamlines and isotherms is strongly affected by the buoyancy force and disappears at 

high values of Ri whatever the inclination angle, as shown in Figure 4.4. This figure depicts 

the existence of a rotational long cell generated near the upper half of the domain.  For higher 
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, this trend disappears for each value of Ri. Due to the gravitational effects, obvious 

descending flows are detected along the inclined microchannel. As a result, the inclination 

angle strongly affects the buoyancy force for large values of Ri. 

 

 

    (a) 

 

(b) 

 

              (c) 

Figure 4. 3. a, b Streamlines, isotherm contours, velocity profles and temperature profles 

for  =4% and B=0.01. in the absence of gravity. c Dimensionless velocity profles for no 

gravity 
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Figure 4. 4.  Streamlines (upper) & isotherms (lower) at B=0.01 and  =4% for a : γ= 0° ; b 

: γ=30° and c: γ= 60° at Ri=1 (top), Ri=5 (middle) & Ri=10 (bottom) 
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(a)                                                                  (b) 

 

 

 

           (c) 

 
Figure 4. 5.Dimensionless horizontal velocity profiles vs X for  =4%, B=0.01 and  = 0°.
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                                      (a)                                                                         (b) 

 

 

 

         (c) 

 

Figure 4. 6. Dimensionless horizontal velocity profiles vs. X for B=0.01,  =4% and =30° 
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(a)                                                                          (b)                              

 

 

              

          (c) 

 

Figure 4. 7.  Dimensionless horizontal velocity profiles vs. X for B=0.01 and  =4% and 

=60°. 
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Figure 4. 8. Slip velocity at the wall of microchannel without gravity (no-gravity) and for   

=4% 
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     (c) 

Figure 4. 9.  Slip velocity at the walls of inclined microchannel (a: =0°; b: = 30° and c: 
=60°) at B=0.005 and  =4% 
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                                                                                 (c) 

Figure 4. 10. Slip velocity at the walls of inclined microchannel 
                           (a : =0°; b: = 30° and c: =60°) at B=0.01 and  =4% 

5.1 Dynamic field 

Figure 4.5 shows the profiles of dimensionless velocity, along the wall of the 

microchannel at B = 0.01, =0 and  = 0.04 for different Ri. The wholly developed 

profile is illustrated in Figure (3.5.a). at X = 0.08L near the entrance region (X = 0.04 L 

andX = 0.06 L). Thereby, according to the rule of forced convective heat transfer (Ri = 

1), the presence of the slip velocity at Y = 0 and Y = 1 is clear in this figure and attains its 

maximal value at the microchannel input. Then, it decreases with movement along the 

microchannel and eventually establishes. By increasing Ri and generating the buoyancy 

force, the flow moves towards the mixed convection heat transfer (Figure 4.5.b) and 

4.5.c). Therefore, a rotational cell appears with the growth of Ri, and its size is strongly 

affected by the buoyancy force. Figures 4.6 and 4.7 show that the shape of the velocity 

profile depends on both Ri and  . The intensity of the velocity goes up for high values of 

 (figure 4.7). It is stated again that the rotational cell disappears for  = 60°. Then, the 

inclination effect dominates the Ri effects.  Figure 4.8 presents the slip velocity profile 

along the microchannel without gravity. At the top-bottom walls, the nanofluid velocity is 

nil due to the slip boundary conditions. Then, it rises for higher values of the slip factor. 

In addition, near the entrance region, the slip velocity reaches almost equal maximal 

values. The profile of this velocity decreases and tends to be asymptotic with the increase 

in X. In other words, for large values of B or a decreasing resistance of the solid wall, the 

fluid motion reduces the velocity gradients which make the velocity magnitude closer to 

that at the inlet of the microchannel. It becomes constant for a critical value of X. Figure 
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4.9 shows the effect of the inclination angle on the slip velocity at the top-bottom walls. It 

can be stated firstly that this velocity does not have the same shape for both walls due to 

the slip boundary condition imposed at these walls. From the behavior of the velocity 

profiles at the upper wall, no variation is seen in its shape for Ri = 1. The same trend 

concerning the slip velocity observed in Figure 4.8   is deduced here. It is interesting to 

note that the upper slip velocity close to the wall at the entrance initially reaches a 

maximum, but falls after a short distance from the entrance region. Ultimately, it reaches 

negative values for X, ranging between 0.5 and 6, before the flow attains the developed 

regime (X 6). By increasing Ri, the size of the detected rotational cell grows, confirming 

the trend given by Figure 4.6. This velocity builds up with Ri, proving the effect of the 

buoyancy force. In fact, the lower slip velocity occurs at two local maxima: the first one 

at the entrance region and the second one at a critical value of X, depending on Ri. For  X 

6, the lower slip velocity rises with Ri. To examine the effects of the inclination angle 

on the upper-lower slip velocities, it can be noted that the intensity of the upper velocity 

increases, but that of the lower velocity goes down due to inclination. Then, the critical 

value of X for which the developed region occurs is strongly affected by . This critical 

value grows with . Then, the inclination effect is dominated the Ri effects. 

Figure 4.10 illustrates the effects of a slip condition given by B on the upper-lower 

velocity. By increasing B = 0.01, the shape of both velocity values changes. The same 

tendency is observed for the upper velocity. In fact, it decreases from a maximum at the 

entrance to reach a minimum and rise again, attaining positive values for a critical value 

of X, depending on Ri. The observed trend is accentuated with . However, the lower slip 

velocity remains positive whatever the value of Ri, and its amplitude is more pronounced 

for  = 60°. 
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5.2 Thermal field 
 

 
                                (a) (b) 
 

  
                                 (c)            (d) 
Figure 4. 11. Dimensionless temperature profiles profiles at various vertical cross sections 
of the horizontale microchannel for, a: nogravity ,b:Ri=1,c:Ri=5,d:Ri=10, at =4%, B=0.01 

and  =0°. 
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(a)                                                                        (b) 

 
 (c) 

Figure 4. 12. Dimensionless temperature profiles profiles at various vertical cross sections of 

the horizontale microchannel for  =4%, B=0.01 and  = 30°. 
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     (c) 

Figure 4. 13. Dimensionless temperature profiles profiles at various vertical cross sections  

of the horizontale microchannel for  =4%, B=0.01 and  = 60°. 
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Figure 4. 14. Outlet Nusselt number along the microchannel bottom wall  for =0°(upper 

plot) =30°(middle plot) and=60°(lower plot) 

 

According to GPTBC model which are the developed forms of Dorazio et al. heat flux model, 

Nusselt number equation based on the constant heat flux is written as[21]: 

                                                     

 
 

/Hnf y H nf w
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D T yk q D k
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                                    (4.38) 

                          

Table 4. 2Thermo-physical properties Al2O3- Water 
(if  =2%→Prnf=5.6, Knf=0.657 & if  =4%→Prnf=4.98, Knf=0.695) [41] 

Properties Water Al2O3 

 1 1. .W m K    0.62 40 
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 3.Kg m   996 3970 

 1 1. .p kgC J K   4179 385 

 .Pa s  8.92x10-4 - 

Figure 4.11 shows the non-dimensional temperature profiles obtained without gravity (a) 

and for different Ri (b:Ri=1, c:Ri=5, d:Ri=10) at various X. The temperature of the 

nanofluid entering the microchannel grows with the increase in X. Due to the thermal 

boundary conditions, temperature rises to reach a maximum for a critical value of Y, as 

depicted in Figure (4.11.a). Including the effect of gravity, represented in Figure 

(4.11.b-d), the symmetric shape of the temperature observed from the entrance region is 

affected by the Ri values. It can be seen that the amplitude of the temperature increases 

with the Ri effects. The same trend corresponding to the nanofluid temperature observed 

in Figures 4.12 and 4.13 is depicted with the effects of inclination. Then, the amplitude 

of this temperature grows with   . It can be stated that the heat transfer rate is 

accentuated with the inclination, compared to the Ri effect. Figure 4.14 illustrates the 

Nusselt number for different inclination angles, volume fractions, Ri and coefficients of 

slip velocity. For large values of nanoparticle volume fractions, the Nusselt number is 

enhanced for lower Ri. It can also be seen that higher B induces a lower heat transfer rate. 

Therefore, without gravity, the high intensity of Nusselt is obtained at B=0.005. 

Approaching the vertical position, the heat transfer rate is ameliorated. Thus, it is noted 

that a higher part of the heat transfer rate occurs for a large amount of   and for a low 

amount of B. 

6. Conclusion 

We have presented a numerical study of mixed convection heat transfer in an inclined 

microchannel full of laminar Water/Al2O3 nanofluid. The top-bottom walls have been 

subjected to a constant heat flux. Then, a double population distribution function 

approach of a modified LBM has been used to simulate the effect of the buoyancy 

force on the dynamic and thermal fields. Among the obtained results, we can cite the 

following : 

 The buoyancy force and the inclination angle have strongly affected the shape of the 

velocity profile. Then, a rotational cell has appeared with the increase in Ri, and its 

size has been strongly affected by the buoyancy force and disappeared for   = 60°. 

Thus, it can be concluded that the inclination effect dominates the Ri effects.       
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 The slip velocity at the top-bottom walls has reached optimal values depending on the 

combination of the Ri effects, the inclination angle and the slip velocity. These 

velocities have the same shape for all emerging parameters without gravity. In the 

presence of gravity, this shape has been strongly affected by Ri and the inclination 

angle. 

 The temperature has shown a symmetric profile without gravity. Hence, the 

intensification of this parameter has improved heat transfer. 

 The heat transfer rate at the outlet has linearly varied with the volume fraction 

regardless of the emerging parameters. Then, it has improved for lower values of Ri 

regardless of the inclination angle, and the slip velocity has increased.  
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General conclusion 

The work developed in this thesis concerns the study of flows and transport in a micro-

channel filled with nanofluid and flows and heat transfers in a porous macro-channel filled 

with nanofluid under conditions of local thermal equilibrium, taking into account the effect of 

viscous dissipation. The mathematical model governing these types of flow coupled with heat 

transfer is developed a numerical code based on the Lattice Boltzmann Method (LBM) to 

solve the conservation equations governing the physical problems. Firstly, convective heat 

flow (forced convection) and entropy generation in a porous channel filled with a nanofluid 

with top-bottom walls subjected to a constant heat flow is done. It was extended to simulate the 

flow governed by the Brinkman-Forchheimer-extended Darcy model. The incorporation 

velocity, temperature, entropy generation, average Nusselt number and Bejan number are 

investigated. The incorporation streamlines isotherms, slip velocity, wall temperature and 

Nusselt number has been achieved in the second case. 

Numerical results obtained and those of literature show good agreement. Among these results, 

we can cite the following : 

 

 For the first case (porous channel) 

 The volume fraction of the nanoparticles leads to a rise in heat transfer and entropy 

generation while being reinforced by the porous medium permeability. 

 Heat transfer rate rises by dropping Darcy number whatever the nanoparticles volume 

fraction. In addition, such an effect is more important at high intensity of viscous dissipation. 

 Adding nanoparticles increases the average entropy generation rate (Nsav) as the heat 

capacity (Rc) and thermal conductivity (Rk) ratios increase, while increasing the Da number 

has the opposite effect. 

 Increasing the nanoparticles volume fraction improves the nanofluid thermal conductivity 

and, thereby, the overall heat transfer. 

 Irreversibilities within the heat transfer system (HTI) predominate only in the immediate 

vicinity of the channel walls due to the imposed thermal boundary conditions. 

To sum up, obtaining less entropy generation and high system efficiency requires a suitable 

combination of the various key parameters of the flow deemed. Likewise, the MDF-TLBM 

approach has been shown to be effective in dealing with nanofluids flow in a porous medium 

with acceptable accuracy, which is of great importance to further deepen our understanding of 

the flow and the heat transfer process of nanofluids. 
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 For the second case (micro-channel): 

 The buoyancy force and the inclination angle have strongly affected the shape of the 

velocity profile. Then, a rotational cell has appeared with the increase in Ri, and its size has 

been strongly affected by the buoyancy force and disappeared for   = 60°. Thus, it can be 

concluded that the inclination effect dominates the Ri effects. 

 The slip velocity at the top-bottom walls has reached optimal values depending on the 

combination of the Ri effects, the inclination angle and the slip velocity. These velocities have 

the same shape for all emerging parameters without gravity. In the presence of gravity, this 

shape has been strongly affected by Ri and the inclination angle. 

 The temperature has shown a symmetric profile without gravity. Hence, the intensification 

of this parameter has improved heat transfer. 

 The heat transfer rate at the outlet has linearly varied with the volume fraction regardless of 

the emerging parameters. Then, it has improved for lower values of Ri regardless of the 

inclination angle, and the slip velocity has increased.  
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Nomenclature 

 

B=/h 

 

Dimensionless slip coefficient 

 

Be  Bejan number 

c  Lattice speed ( 1. sm ) 

pC  Specific heat capacity at constant pressure ( 11..  KKgKJ ) 

sc  Sound speed ( 1. sm ) 

HD =2h Hydrolic diameter ( m) 

Da  Darcy number, 2/Da K H  

Kn Knudsen number 

pd  Average pore diameter ( m) 

Ec  Eckert number, 2 /( . )f refEc Uo C T   

ie  Discrete velocity in direction i  

F  Forchheimer form coefficient 

F  Body force per unit mass ( 1. KgN ) 

eiF  Discrete body force in direction i ( -3 -1Kg.m .s ) 

,i if g  Distribution function in direction i  

,eq eq
i if g

 
Equilibrium distribution function in direction i  

if
 , ig  

 

 

Modified distribution function 

H  
characteristic length scale ( m ) 

 L Characteristich height scale ( m ) 

K  Porous medium permeability ( 2m ) 

RK  Thermal conductivity ratio, fsRK  /  

sL
  

BFl
 

Slip lenght (m) 

 Mean free path of base fluid (pure water) 

Ns  Entropy generation number 
p  Pressure ( Pa ) 

P  
Dimensionless pressure 

Pr  Prandtl number, f fPr /   

Re  Reynolds number, in fRe u H /  

BK  Boltzmann costant 

 q Heat flux 

iZ  Heat dissipation 

xNu  Local Nusselt number 
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mNu  Average Nusselt number 

R  Gaz constant 

 r Accomodation coefficient 

Rc  Heat capacity ratio,  

kR  Thermal conductivity ratio 

rG  Grashof number 

  
2

e/RrRi G  Richardson number 

T  
Temperature ( K ) 

mT
 

PCM melting temperature ( K ) 

t  Time (s) 
u ,v  

Velocity ( 1. sm ) 

iu  Inlet flow velocity ( 1. sm ) 

su  Dimensioneless slip velocity 

U,V  Dimensionless velocity 

x,y  Cartesiancoordinates ( m ) 

X ,Y  Dimensionless coordinates 

Greek symbols  

  Gradient operator 

.  Divergence operator 
2  Laplacian operator 

x  Lattice step 

t  Time step  

  Slip coefficient 

  Thermal diffusivity ( 12. sm ) 

  Media porosity 
  Volume fraction 

  Thermal conductivity ( -1 -1W.m .K ) 

f  Dynamic fluid viscosity ( 1 1. .kg m s  ) 


 Dimensionless temperature 

  Kinematicviscosity ( 12. sm ) 
  Microchannel inclination angle 

T  Dynamique accomodation coefficient 

v  Thermal accomodation coefficient 

  Temperature jump distance 

  Total viscous dissipation 

  Collision operator 
  Density . 3kg m  
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t
~

 Dimensionless time 

,f g  Dimensionless relaxation time 

iw  Weight coefficient in direction i 

Superscripts/subscripts  

f Fluid 

s Solid 

m Number of network velocity 

n Space dimension 

 Initial state 

in Inlet 

out Outlet 

np Nanoparticles 

nf Nanofluid 
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